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`Hammers looking for nails’

These papers represent  ``optical instruments’’
which combined, give a picture of the Newtonian
N-body problem as an analytic  flow 
on a compact stratified analytic space.

Will this picture
solve any interesting problems? 



Problem 1: the `oldest question’ of Newton-Herman
and parabolic infinity

<latexit sha1_base64="8F9d/So7GvyEvrDiVbWseCmDM3w=">AAACKnicbVDLSgQxEMz4dn2tevQSXAW9LDOCDzz5uHhUcFVYl6Un26PBTDIkPcIy7Pd48Ve8eFDEqx9iZp2Dr4JAUdVFuivOlHQUhm/ByOjY+MTk1HRtZnZufqG+uHThTG4FtoRRxl7F4FBJjS2SpPAqswhprPAyvjsu/ct7tE4afU79DDsp3GiZSAHkpW798Mjkuoc9bmwsye1zDkrxNdstIB7wDdpc42CRx9VUkmtRBh03CSeZYq3WrTfCZjgE/0uiijRYhdNu/fm6Z0SeoiahwLl2FGbUKcCSFAoHtevcYQbiDm6w7amGFF2nGJ464Ote8WsY658mPlS/JwpIneunfvf1FOjW/fZK8T+vnVOy1ymkznJCLb4+SnLFyfCyN96TFgWpvicgrPS7cnELFgT5dssSot8n/yUXW81op7l9ttU4OKrqmGIrbJVtsIjtsgN2wk5Ziwn2wJ7YC3sNHoPn4C14/xodCarMMvuB4OMTYmOlZw==</latexit>

Bounded orbits: all rab(t) are bounded functions of time
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Unbounded orbits: some rab(t) ! 1

<latexit sha1_base64="ExaKtzatTP5jgqpfMeRsWgfNM9w="></latexit>

OLDEST QUESTION: ¿ Do unbounded orbits pass

arbitrarily close to any bound orbit in phase space?



QUESTION 2:  For any given mass ratios, 
and ZERO angular momentum do there 
exist periodic orbits?  

If the angular momentum is NON-ZERO:
 Yes! Lagrange and  Euler’s solutions.
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Recall: bounded =) energy is NEGATIVE.
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So, for both questions, we are interested in
the flow when the energy E is NEGATIVE.



The Hill region at negative energy, 
 for the planar 3- body problem 
projected to shape space



Collision locus= 
where potential is negative infinity
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Typical unbounded orbit:  
hyperbolic-elliptic
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The const. neg. energy  hypersurface modulo rigid motions forms a  
two-sphere bundle over the interior of the blue pair of pants. These 
spheres degenerate to points on the pants boundary.  
projected to shape space

After  
compactification.



Notation and Pictures
Form the non-compact 5-manifold

M
5 =M5(E , J;m1,m2,m3)

by fixing the center of mass and linear momentum equal to zero in
the planar three-body problem, fixing the energy E and the angular
momentum J and forming the quotient of the resulting variety by
rotations.

Masses m1,m2,m3 enter as parameters.

Reduced planar 3-body flows live here.

Compactifying M
5 adds boundary strata corresponding to R →∞

or R → 0 or some rab → 0.

R
2 = I ∶= ∑ma�qa�2 = ∑mambr

2
ab�∑ma



Define subsets B ,H,P ⊂M5 =M5(E , J;m1,m2,m3) by:
B = i.c.s of bounded orbits
H = i.c.s for hyperbolic-elliptic orbits
P =i.c.s for parabolic-elliptic orbits.

The answer to the OLDEST Q is ‘yes’ ⇐⇒ any of the following
equivalent conditions hold
I) int(B) = �
II) H̄ =M5

III) P̄ ⊃ B .

What we know: H ≠ �. P ≠ �. P ⊂ H̄. B ≠ � provided the ang.
mom. is nonzero. Often (always??) meas(B) > 0 (KAM).

What we do not know [Q2 !] is B ≠ � when ang. mom. is zero,
regardless of mass ratios?
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Does it enter into the interstices

of my favorite
KAM stable orbits

How so

Are variational methods of any use here



On to Q 2
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QUESTION 2:  For any given mass ratios, 
and ZERO angular momentum do there 
exist periodic orbits?  

a min-max
attack: 
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End.



if more time: 
a) details of papers … 
b) speculations. 
c) audience Qs of course!
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 triple collision
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collinear triangles
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SHAPE SPACE.
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an R3 realizing the quotient
of the planar three-body configuration space
by rigid motions.
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an R3 realizing the quotient
of the planar three-body configuration space
by rigid motions.
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Recall: bounded =) energy is NEGATIVE.


