


How does a falling cat, 
dropped from upside down with no spin,
right itself? 

What does this problem have to do with
gauge theory ? 

With the three-body problem ? 



UUnifying Mathematical theme:
geometry of a principal G-bundle

<latexit sha1_base64="iuHubZVyMBsuO+8WR4i/ghyl/Hw=">AAAB9HicbVDLSgMxFL3js9ZX1aUiwSK4KjOCj2XRhS5btA9oh5JJM21oJjMmmUIZuvQb3LhQxK3rfoc7v8GfMJ12oa0HEg7n3Mu993gRZ0rb9pe1sLi0vLKaWcuub2xubed2dqsqjCWhFRLyUNY9rChnglY005zWI0lx4HFa83rXY7/Wp1KxUNzrQUTdAHcE8xnB2kjuDWrqEJXT/66Vy9sFOwWaJ86U5IsHo/L34+Go1Mp9NtshiQMqNOFYqYZjR9pNsNSMcDrMNmNFI0x6uEMbhgocUOUm6dJDdGyUNvJDaZ7QKFV/dyQ4UGoQeKYywLqrZr2x+J/XiLV/6SZMRLGmgkwG+TFH5sRxAqjNJCWaDwzBRDKzKyJdLDHRJqesCcGZPXmeVE8LznnhrGzSuIIJMrAPR3ACDlxAEW6hBBUg8ABP8AKvVt96tt6s90npgjXt2YM/sD5+AOBhlJY=</latexit>

G ! Q ! S
group a space on 

which G 
acts

the quotient 
space Q/G



group G total space P base space S

High energy 
physics

U(1)  or U(2) or SU(3) 
electromagnetism 
or electro-weak 
or quarks (QCD) 

X x G = space-time

Differential 
Geometry SO(n) 

Frame bundle 
of  
the n-manifold 
Q

an n-manifold 

Mechanics and 
Control Theory 
(Cats, N-
bodies..) 

rigid motions, 
so  
SO(n) or E(n) 

configuration 
space of the 
mechanical or 
control system 

shape space! 
=Q/G



Groups ?

Stand up!
move…



G = group of rigid motions 
    = rotations and translations

For   the falling cat 
and for  the 3-body problem
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Here G is circle 5

Principal G-bundles: 



Q = configuration space 
    = space of `located cats’ in space 

or , for the 3-body problem:  

 Q = configuration space of the 3- body problem:  
     = triples of points in the plane (planar 3-body)

G acts on Q  by rotating and translation 
 the `frozen cat’  
or, in the 3-body problem, by rotating and translating  
the  triangle formed by the 3 bodies



Utility of principal bundle picture for understanding
 the strategies of the falling cat
for righting  herself 

a reorientation strategy
IS a loop in shape space 



holonomy

loop in shape space 



Initial and Final shapes of cat are almost the same!

(from `Falling Cat ‘ wiki page; a 
copy of a photo taken in 1894)



What is a shape?

.. more kinesthetics.. 
hands.. (*) 



A `shape’ is a G-orbit! 
i.e 

an equivalence class of configurations  
under the action of G

A shape is a point in `shape space’:  S:=Q/G. 



Quotient space S = Q/G   
       = shape space; 
          so space of shapes of cats,  
  or shapes of triangles for the three-body problem.  

<latexit sha1_base64="Cj/Ifl7ZzfpDb+8VsKGTWZWenFU=">AAAB9HicbVC7TsMwFL0pr1JeAUYWiwqJqUp4j5W6MBZEH1IbKsd1WquOE2ynUhX1O1gYQIiVj2Hjb3DaDNByJEtH59yre3z8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/6olvmtMZWKReJBT2LqhXggWMAI1kbyuiHWQ99H9+jxvNSzy07FmQEtEzcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnE5L3UTRGJMRHtCOoQKHVHnpLPQUnRilj4JImic0mqm/N1IcKjUJfTOZhVSLXib+53USHdx4KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0lJXgLn55mTTPKu5V5fLuolyt5XUU4QiO4RRcuIYq3EIdGkDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz8OPJD+</latexit>

R3Planar 3-body shape space:



connection `A’, given by physics

structure group =

group of rigid motions

holonomy

Bundle w connection.  Total space = Config. space 

= space of located shapes

loop in shape space =

reorientation strategy or  gait
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connection: 
encodes horizontal 
space’s H



Horizontal motions = motions with  
                       total angular momentum zero

Horizontal motions   = 
paths perpindicular to the group orbits, 
  or perpindicular to the `vertical spaces’’ 

where a `vertical vector ’ is a vector tangent to a G-orbit

Perpindicular relative  to what metric on Q?

To show: 



Model Q, the configuration space for 
the `located cat’  as a collection of point masses. 
So:   

<latexit sha1_base64="aLDuVanIJ48M0Hs1WnAXmiyi6WM="></latexit>

q = (q1, q2, . . . , , qN ), qa 2 R3

represents a point of Q.  Think of 
the q_a’s as `marker points. (`Foot’, `head’, ..,) 
They have masses m_a.  Define an inner product 
on Q for which the  squared length 
of velocities v_a  is twice their  kinetic energy 
K:   

<latexit sha1_base64="5G58BkPt/znE5ANlcui6kVkh0TA="></latexit>

K(q̇) =
1

2
⌃ma|va|2, va = q̇a

<latexit sha1_base64="HVgA03+Bqau3N/6aCsoYI69FC4Y=">AAACDHicbVC7SgNBFJ2Nj8T4ilrajAZRUMKu4KNQCaSxjGgemIRwdzJJhszsbmZmhbCksLTxVyy0UMTWD7Dzb5w8Ck08cOFwzrnM3OMGnClt299WbGZ2bj6eWEguLi2vrKbW1ovKDyWhBeJzX5ZdUJQzjxY005yWA0lBuJyW3E5u4JfuqFTM9250L6A1AS2PNRkBbaR6Kn3WPcDd3Qt8jqvXrCUAizrgrpkqafjaWHUwKTtjD4GniTMm6Wx6f+v+Nv6cr6e+qg2fhIJ6mnBQquLYga5FIDUjnPaT1VDRAEgHWrRiqAeCqlo0PKaPd4zSwE1fmvE0Hqq/NyIQSvWEa5ICdFtNegPxP68S6uZpLWJeEGrqkdFDzZBj7eNBM7jBJCWa9wwBIpn5KyZtkEC06S9pSnAmT54mxcOMc5w5ujJt5NAICbSJttEectAJyqJLlEcFRNADekKv6M16tF6sd+tjFI1Z450N9AfW5w+7spsp</latexit>

< q, q0 >= ⌃maqa · q0a

so that :   

 Mass metric

<latexit sha1_base64="FooiSA2yQOV7Lsiq5xtyn+yrLeo=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgIWE3+GqEQBrLCOYB2SXMTu4mQ2Znl5nZQFjS2/grNhaK2PoDdv6Nk0ehiQcunDnnXubeEyScKe0431ZubX1jcyu/XdjZ3ds/sA+PmipOJYUGjXks2wFRwJmAhmaaQzuRQKKAQysY1qZ+awRSsVg86HECfkT6goWMEm2krl28xV4oCc3cSVaZYI8T0eeAR+d4hD05e3TtklN2ZsCrxF2QElqg3rW/vF5M0wiEppwo1XGdRPsZkZpRDpOClypICB2SPnQMFSQC5WezWyb41Cg9HMbSlNB4pv6eyEik1DgKTGdE9EAte1PxP6+T6vDGz5hIUg2Czj8KU451jKfB4B6TQDUfG0KoZGZXTAfERKNNfAUTgrt88ippVsruVfny/qJUrS3iyKMTVERnyEXXqIruUB01EEWP6Bm9ojfryXqx3q2PeWvOWswcoz+wPn8AO5yZ7g==</latexit>

=
1

2
hv, vi



To work out

we need V_q,  the tangent space to the group orbit through q: 

Infinitesimal rotations are given by cross products:  

<latexit sha1_base64="h6eG3m311JZHmldC5USPz84o4ao="></latexit>

Vq = {“! ⇥ q00 : ! 2 R3}

<latexit sha1_base64="QosYN2o7ImTCOBdC5yiHMKhf2iQ="></latexit>

“! ⇥ q00 = (! ⇥ q1,! ⇥ q2, . . . ,! ⇥ qN )

<latexit sha1_base64="MqhUbjk2q5MIT0L+wOr45aCSsus="></latexit>

G(q) = {Rq := (Rq1, . . . , RqN ) : R 2 SO(3) a rotation}

<latexit sha1_base64="aZSJXxjxlgGfJ145xsUZKZU2Huc="></latexit>

d

d✏
R(✏)qa = ! ⇥ qa, !, qa 2 R3

where

So: 

<latexit sha1_base64="13OR9GZpG7UbnnYOVo3bWnyK1F8=">AAAB/3icbVC7SgNBFJ2NrxgfWRVsLBwMSmzCruCjEQJpUkYwD0jWZXYymwyZnV1nZoWwpvBX0lgoYmvrB1jY+Q3+hJNHoYkHLvdwzr3MneNFjEplWV9GamFxaXklvZpZW9/YzJpb2zUZxgKTKg5ZKBoekoRRTqqKKkYakSAo8Bipe73SyK/fESFpyK9VPyJOgDqc+hQjpSXX3C27t/AS5mu6Hd8krYiIaACha+asgjUGnCf2lOSKR/sf2ffvYcU1P1vtEMcB4QozJGXTtiLlJEgoihkZZFqxJBHCPdQhTU05Coh0kvH9A3iolTb0Q6GLKzhWf28kKJCyH3h6MkCqK2e9kfif14yVf+EklEexIhxPHvJjBlUIR2HANhUEK9bXBGFB9a0Qd5FAWOnIMjoEe/bL86R2UrDPCqdXOo0SmCAN9sAByAMbnIMiKIMKqAIM7sEQPIFn48F4NF6M18loypju7IA/MN5+AEfzmBQ=</latexit>

Hq = (Vq)
?



Suppose that v in Q is mass-metric  
perpindicular to all these vertical vectors:    

for all
<latexit sha1_base64="MCWELqml5VJgVdiQaRh/g/gUwLk=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzLje1noxmUV+4DOWDJppg3NY0gyQqld+CtuXCji1t9w59+YaWehrQcCh3Pu5Z6cKGFUG8/7dhYWl5ZXVgtrxfWNza1td2e3oWWqMKljyaRqRUgTRgWpG2oYaSWKIB4x0owG1cxvPhClqRR3ZpiQkKOeoDHFyFip4+4HkpMeggEVMODI9KMI3t6fdtySV/YmgPPEz0kJ5Kh13K+gK3HKiTCYIa3bvpeYcISUoZiRcTFINUkQHqAeaVsqECc6HE3yj+GRVbowlso+YeBE/b0xQlzrIY/sZBZRz3qZ+J/XTk18FY6oSFJDBJ4eilMGjYRZGbBLFcGGDS1BWFGbFeI+UggbW1nRluDPfnmeNE7K/kX5/OasVKnmdRTAATgEx8AHl6ACrkEN1AEGj+AZvII358l5cd6dj+nogpPv7IE/cD5/AJ+7lTc=</latexit>

! 2 R3

This is true iff 
<latexit sha1_base64="qBx+3VwrTiESBZ0nUFj5TVSN4hA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiTiayMUunFZ0T6gCWEynbRDZyZxZlIooSs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89YcKo0o7zbRWWlldW14rrpY3Nre0de3evqeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4qE381pBIRWNxr0cJ8TnqCRpRjLSRAvvQu6M9juBDgKCnKScKckOHpq6hE9hlp+JMAReJm5MyyFEP7C+vG+OUE6ExQ0p1XCfRfoakppiRcclLFUkQHqAe6RgqkFnoZ9M3xvDYKF0YxdKU0HCq/p7IEFdqxEPTyZHuq3lvIv7ndVIdXfkZFUmqicCzRVHKoI7hJBPYpZJgzUaGICypuRXiPpIIa5NcyYTgzr+8SJqnFfeicn57Vq7W8jiK4AAcgRPggktQBTegDhoAg0fwDF7Bm/VkvVjv1sestWDlM/vgD6zPH8HXl2Q=</latexit>

⌃qa ⇥mava = 0

But this says the total angular momentum is zero! 
<latexit sha1_base64="vVKjBvSXOAqdt1r1hlZxm/XoFhA="></latexit>

⌃qa ⇥mava = the angular momentum associated to q, v



Prop.  A deformation, or `motion’ q(t) of a located  
shape q(0) is  mass-metric perpindicular 
to the  group orbits  
if and only if its total angular momentum is zero. 

!!

This fact connects the geometry 
to the physics !



<latexit sha1_base64="WDV2xikjPTwBcOTh53wuMNczXOc=">AAACFXicbVDJSgNBEO2JW4zbqEcvjUHwIGEm4HIMevEYlyyQDKGnU5M06e4ZunuEEPITXvwVLx4U8Sp482/sJHPQxAcFj/eqqKoXJpxp43nfTm5peWV1Lb9e2Njc2t5xd/fqOk4VhRqNeayaIdHAmYSaYYZDM1FARMihEQ6uJn7jAZRmsbw3wwQCQXqSRYwSY6WOe3JHBOBEMUlZwgEziW8ZCCIlIxL3IBZgFKPYgBK64xa9kjcFXiR+RoooQ7XjfrW7MU0FSEM50brle4kJRkQZRjmMC+1UQ0LogPSgZam0t+hgNP1qjI+s0sVRrGxJg6fq74kREVoPRWg7BTF9Pe9NxP+8Vmqii2DEZJIakHS2KEo5NjGeRIS7TAE1fGgJoYrZWzHtE0WoDUEXbAj+/MuLpF4u+Wel05tysXKZxZFHB+gQHSMfnaMKukZVVEMUPaJn9IrenCfnxXl3PmatOSeb2Ud/4Hz+AJMXnxo=</latexit>

Same principle in Riemannian geometric terms

<latexit sha1_base64="UMKpqB7UlnlT4VGgkodm0tq5GLU="></latexit>

If I have a ‘Riemannian submersion’ ⇡ : Q ! S
then any geodesic which is perpindicular to a fiber
at one point is perpindicular to the fibers at all points





The three-body problem 



Galileo
The laws of physics are  
invariant under my group. 
  
My group contains your group G. 

1632; `Dialogo ..’’  :  

GG=  group of rigid motions of space 
       =translations, rotations, reflections



The laws of physics can be  
written as differential equations 
 which are invariant under  
Galileo’s group. 

For three bodies moving in the plane or space 
under the influence of their mutual gravitational 
attraction these differential equations are

Newton, Principia, 1687: 





Planar 3-body problem:
<latexit sha1_base64="l22aKTGzn1k22uBsZRHJYaA/mEw=">AAACIXicbVDJSgNBEK2JW4zbqEcvjUHwFGaCSy5CIBePiZgYyIyhp9NJmvQsdPcIYcivePFXvHhQJDfxZ+xJ5mCWBwWP96qoqudFnEllWT9GbmNza3snv1vY2z84PDKPT1oyjAWhTRLyULQ9LClnAW0qpjhtR4Ji3+P0yRvVUv/phQrJwuBRjSPq+ngQsD4jWGmpa1Yad8jxsRp6HnpAz2XkKOZTuaitE7tm0SpZM6BVYmekCBnqXXPq9EIS+zRQhGMpO7YVKTfBQjHC6aTgxJJGmIzwgHY0DbDe6CazDyfoQis91A+FrkChmfp/IsG+lGPf053pjXLZS8V1XidW/YqbsCCKFQ3IfFE/5kiFKI0L9ZigRPGxJpgIpm9FZIgFJkqHWtAh2Msvr5JWuWTflK4bV8VqLYsjD2dwDpdgwy1U4R7q0AQCr/AOn/BlvBkfxrcxnbfmjGzmFBZg/P4B+omg9A==</latexit>

Q = R2 ⇥ R2 ⇥ R2

Newton’s 3 body  ODEs descend to shape space:
<latexit sha1_base64="nJzPxwxsVwYAvQYS0MLW9HLW7Jw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr4sQyEGPCZoHJEuYncwmQ2Znh5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvurkBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGFWnfuuJKs1i8WjGkvoRHggWMoKNlVoP6BbVz+56xZJbdmdAy8TLSAky1HrFr24/JklEhSEca93xXGn8FCvDCKeTQjfRVGIywgPasVTgiGo/nZ07QSdW6aMwVraEQTP190SKI63HUWA7I2yGetGbiv95ncSEN37KhEwMFWS+KEw4MjGa/o76TFFi+NgSTBSztyIyxAoTYxMq2BC8xZeXSfO87F2VL+sXpUo1iyMPR3AMp+DBNVTgHmrQAAIjeIZXeHOk8+K8Ox/z1pyTzRzCHzifP38cjmI=</latexit>

S = Q/G

which equals… 
<latexit sha1_base64="Cj/Ifl7ZzfpDb+8VsKGTWZWenFU=">AAAB9HicbVC7TsMwFL0pr1JeAUYWiwqJqUp4j5W6MBZEH1IbKsd1WquOE2ynUhX1O1gYQIiVj2Hjb3DaDNByJEtH59yre3z8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/6olvmtMZWKReJBT2LqhXggWMAI1kbyuiHWQ99H9+jxvNSzy07FmQEtEzcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnE5L3UTRGJMRHtCOoQKHVHnpLPQUnRilj4JImic0mqm/N1IcKjUJfTOZhVSLXib+53USHdx4KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0lJXgLn55mTTPKu5V5fLuolyt5XUU4QiO4RRcuIYq3EIdGkDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz8OPJD+</latexit>

R3

!!

-the space of oriented 
congruence classes of 
planar triangles 

<latexit sha1_base64="zsmODvMhoFY0Zjz7mW3YrPW/Ats=">AAAB+HicbVDLSgMxFL3js46Pjrp0EyyCqzKj+NgUi924rGAf0I4lk2ba0MyDJCPUoV/iRlARt/6Eezfi35hpu9DWA4HDOfdyT44XcyaVbX8bC4tLyyuruTVzfWNzK29t79RllAhCayTikWh6WFLOQlpTTHHajAXFgcdpwxtUMr9xR4VkUXijhjF1A9wLmc8IVlrqWPkSStsBVn3PQ5XR7XHHKthFeww0T5wpKVx8mKX46cusdqzPdjciSUBDRTiWsuXYsXJTLBQjnI7MdiJpjMkA92hL0xAHVLrpOPgIHWili/xI6BcqNFZ/b6Q4kHIYeHoyyyhnvUz8z2slyj93UxbGiaIhmRzyE45UhLIWUJcJShQfaoKJYDorIn0sMFG6K1OX4Mx+eZ7Uj4rOafHk2i6UL2GCHOzBPhyCA2dQhiuoQg0IJPAAz/Bi3BuPxqvxNhldMKY7u/AHxvsP5Q2Vmw==</latexit>

= C3



<latexit sha1_base64="6P8BMsC4/7DnPig9quSTpwmWL/s=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8LbsBH8eAgh4jmgcka5id9CZDZmaXmVklLPkPLx4U8eq/ePNvnCR70MSChqKqm+6uMOFMG8/7dpaWV1bX1gsbxc2t7Z3d0t5+Q8epolCnMY9VKyQaOJNQN8xwaCUKiAg5NMPh5cRvPoLSLJb3ZpRAIEhfsohRYqz0cBcLwFdgCOPadbulsud6U+BF4uekjHLUuqWvTi+mqQBpKCdat30vMUFGlGGUw7jYSTUkhA5JH9qWSiJAB9n06jE+tkoPR7GyJQ2eqr8nMiK0HonQdgpiBnrem4j/ee3URBdBxmSSGpB0tihKOTYxnkSAe0wBNXxkCaGK2VsxHRBFqLFBFW0I/vzLi6RRcf0z9/S2Uq5e53EU0CE6QifIR+eoim5QDdURRQo9o1f05jw5L8678zFrXXLymQP0B87nD4oxkek=</latexit>

Some Details..



<latexit sha1_base64="RkGqnwPqv+DNCEtMnDmhNj/J0cc=">AAACG3icbVDLSgMxFM3UV62vqks3oUUQhDpT8bERit24rGAf0Kklk6ZtaCYzJHfEMvQvXLjxV9y4UMSV4KJ/Y/pY1NYDgcM555J7jxcKrsG2h1ZiaXlldS25ntrY3NreSe/uVXQQKcrKNBCBqnlEM8ElKwMHwWqhYsT3BKt6veLIrz4wpXkg76AfsoZPOpK3OSVgpGY6H7s+ga7n4eLg/vTEBfYIMSgitRgn9ADjKzwbyjfTWTtnj4EXiTMl2ULGPX4aFvqlZvrbbQU08pkEKojWdccOoRETBZwKNki5kWYhoT3SYXVDJfGZbsTj2wb40Cgt3A6UeRLwWJ2diImvdd/3THK0o573RuJ/Xj2C9mUj5jKMgEk6+agdCQwBHhWFW1wxCqJvCKGKm10x7RJFKJg6U6YEZ/7kRVLJ55zz3NmtaeMaTZBEByiDjpCDLlAB3aASKiOKntErekcf1ov1Zn1aX5NowprO7KM/sH5+Aap5pCY=</latexit>

C3/translations = C2

<latexit sha1_base64="bTzATpokwKhlBdlnJI96CZaYYUo=">AAACFHicbVDLSgMxFM3UV62vUZduQosgFOpMxcdGKHbjsj76gL7IpGkbmskMSUYow3yEIP6KGxeKuHXhrn9jpi1FWw8Ezj3nXnLvcXxGpbKskZFYWl5ZXUuupzY2t7Z3zN29ivQCgUkZe8wTNQdJwignZUUVIzVfEOQ6jFSdQTH2qw9ESOrxezX0SdNFPU67FCOlpbaZDRsuUn3HgcWolT+eVXdRy4aXcFbfRq2TtpmxctYYcJHYU5IppBvZp1FhWGqb342OhwOXcIUZkrJuW75qhkgoihmJUo1AEh/hAeqRuqYcuUQ2w/FRETzUSgd2PaEfV3Cs/p4IkSvl0HV0Z7yjnPdi8T+vHqjuRTOk3A8U4XjyUTdgUHkwTgh2qCBYsaEmCAuqd4W4jwTCSueY0iHY8ycvkko+Z5/lTm90GldggiQ4AGlwBGxwDgrgGpRAGWDwCF7AG3g3no1X48P4nLQmjOnMPvgD4+sHu/mgWA==</latexit>

C2/S1 = R3

<latexit sha1_base64="OU4maXOvOZIjc+vfPQQDwv39oL0=">AAACEnicbVDJSgNBEO2JW4zbqEcvTYKQIMSZiMtFCObiMS5ZIDMJPZ1O0qSnZ+juEcKQb/CSX/HiQRGvnrzlb+wsiEYfFDzeq6KqnhcyKpVljY3E0vLK6lpyPbWxubW9Y+7uVWUQCUwqOGCBqHtIEkY5qSiqGKmHgiDfY6Tm9UsTv/ZAhKQBv1eDkLg+6nLaoRgpLbXMXOz4SPU8D94OmyfwEpYCTrLf4t2wWYBZ+7iQy7XMjJW3poB/iT0nmWLaORqNi4Nyy/x02gGOfMIVZkjKhm2Fyo2RUBQzMkw5kSQhwn3UJQ1NOfKJdOPpS0N4qJU27ARCF1dwqv6ciJEv5cD3dOfkVLnoTcT/vEakOhduTHkYKcLxbFEnYlAFcJIPbFNBsGIDTRAWVN8KcQ8JhJVOMaVDsBdf/kuqhbx9lj+90WlcgRmS4ACkQRbY4BwUwTUogwrA4BE8gRfwaoyMZ+PNeJ+1Joz5zD74BePjCzHQnjo=</latexit>

R3 = Cone(S2(1/2))

<latexit sha1_base64="Q9TmuJ3nPk05absQ3mHGkFRtP08=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgFXYjPjqDaSwjmgdkN2FmMpsMmX0wMyuEJV9g46/YWChia23np9g5uwmoiQcuHM65l3vvwRFnUlnWp5FbWl5ZXcuvFzY2t7Z3zN29pgxjQWiDhDwUbYwk5SygDcUUp+1IUORjTlt4VEv91h0VkoXBrRpH1PXRIGAeI0hpqWeWYOL4SA0xhjeT7jF0ZIwlVT9qbdKtwJ5ZtMpWBrhI7BkpXnx5Geo988PphyT2aaAIR1J2bCtSboKEYoTTScGJJY0QGaEB7WgaIJ9KN8nemcCSVvrQC4WuQMFM/T2RIF/KsY91Z3qknPdS8T+vEyvv3E1YEMWKBmS6yIs5VCFMs4F9JihRfKwJIoLpWyEZIoGI0gkWdAj2/MuLpFkp26flk2urWL0EU+TBATgER8AGZ6AKrkAdNAAB9+ARPIMX48F4Ml6Nt2lrzpjN7IM/MN6/AUT7nqw=</latexit>

S3 ⇢ C2

<latexit sha1_base64="vUir7ngysHRjpC7gcCgwelj8u+8="></latexit>

S3
#
S2

<latexit sha1_base64="CTLPL8dbucuVjdQ3x3a1enyFGx0=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrgapoWqy6IblxXsBdqhZNJMG5pJhuSMUEo3voobF4q49THc+TZm2imo6IHAz/efw8n5w0RwA77/6RRWVtfWN4qbpa3tnd09d/+gZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fj68xv3zNtuJJ3MElYEJOh5BGnBCzqu0exGmCVAg4nGDSRRswN03fLvlfzs8K+5y9FTio5KaO8Gn33ozdQNI2ZBCqIMd2Kn0AwJRo4FWxW6qWGJYSOyZB1rZQkZiaYzg+Y4VNLBjhS2j4JeE6/T0xJbMwkDm1nTGBkfnsZ/MvrphBdBlMukxSYpItFUSowKJylgQdcMwpiYgWhmtu/YjoimlCwmZVsCMtL8f+iVfUq517ttlquX+VxFNExOkFnqIIuUB3doAZqIopm6BE9oxfnwXlyXp23RWvByWcO0Y9y3r8A2oCWmA==</latexit>

mod out by translations

<latexit sha1_base64="ohe8sT4YrcplI3DkElZ+PXwWQrI=">AAAB+HicdZDLSsNAFIYn9VbrpVGXbgaL4CokharLohuXFewF2lAm00k7dDIJMydCDX0SNy4UceujuPNtnLQpqOgPAz/fOYdz5g8SwTW47qdVWlvf2Nwqb1d2dvf2q/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuML3O6917pjSP5R3MEuZHZCx5yCkBg4Z2FcOESaxiWAA9tGuu03BzYddxV6YgXkFqqFBraH8MRjFNIyaBCqJ133MT8DOigFPB5pVBqllC6JSMWd9YSSKm/Wxx+ByfGjLCYazMk4AX9PtERiKtZ1FgOiMCE/27lsO/av0Uwks/4zJJgUm6XBSmAkOM8xTwiCtGQcyMIVRxcyumE6IIBZNVxYSw+in+33TqjnfuNG7rteZVEUcZHaMTdIY8dIGa6Aa1UBtRlKJH9IxerAfryXq13patJauYOUI/ZL1/AbcvkyU=</latexit>

then rotations

<latexit sha1_base64="ObeIbKLNOjbEAggWnQxuhayuMKs=">AAAB83icdZDNSgMxFIXv1L9a/6ou3QSL4GqYKVTFVdGNywq2FtqhZNJMG5pkhiQjDKWv4caFIm59GXe+jZl2Cip6IHD47r3cmxMmnGnjeZ9OaWV1bX2jvFnZ2t7Z3avuH3R0nCpC2yTmseqGWFPOJG0bZjjtJopiEXJ6H06u8/r9A1WaxfLOZAkNBB5JFjGCjUV9QY2ynvPsEg2qNc9teLmQ53pLUxC/IDUo1BpUP/rDmKSCSkM41rrne4kJplgZRjidVfqppgkmEzyiPWslFlQH0/nNM3RiyRBFsbJPGjSn3yemWGididB2CmzG+ncth3/VeqmJLoIpk0lqqCSLRVHKkYlRHgAaMkWJ4Zk1mChmb0VkjBUmxsZUsSEsf4r+N52665+5jdt6rXlVxFGGIziGU/DhHJpwAy1oA4EEHuEZXpzUeXJenbdFa8kpZg7hh5z3L934kZQ=</latexit>

metrically:

<latexit sha1_base64="uRjDI4kde+o4NuZU/JpOkWBU5Ws=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbkaL4CokharLopsuK5i20IYymU7aoZNJmJkIJfQZ3LhQxK0P5M63cdKmoKIHBg7fvZe59wQJZ0o7zqdVWlvf2Nwqb1d2dvf2D6qHRx0Vp5JQj8Q8lr0AK8qZoJ5mmtNeIimOAk67wfQ2r3cfqFQsFvd6llA/wmPBQkawNshrxUl4OqzWHLvh5EKO7axMQdyC1KBQe1j9GIxikkZUaMKxUn3XSbSfYakZ4XReGaSKJphM8Zj2jRU4osrPFsvO0bkhIxTG0jyh0YJ+n8hwpNQsCkxnhPVE/a7l8K9aP9XhtZ8xkaSaCrL8KEw50jHKL0cjJinRfGYMJpKZXRGZYImJNvlUTAirS9H/plO33Uu7cVevNW+KOMpwAmdwAS5cQRNa0AYPCDB4hGd4sYT1ZL1ab8vWklXMHMMPWe9fZL+ObA==</latexit>

Hopf!





Lagrange’s solutions.  
Equilateral triangles.

1772

Euler’s collinear solutions. 

Projected to the  shape sphere,
the corresponding curves
do  not move: they are points!

1767



Lagrange = Equilateral 

Lagrange = Equilateral

Euler

x
xx

x

Euler

Euler

SHAPE SPHERE SHAPE SPACE
Oriented similarity classes  

of triangles

O

Oriented congruence classes  
of triangles

⇢

collinear  
 triangles

x



<latexit sha1_base64="iuHubZVyMBsuO+8WR4i/ghyl/Hw=">AAAB9HicbVDLSgMxFL3js9ZX1aUiwSK4KjOCj2XRhS5btA9oh5JJM21oJjMmmUIZuvQb3LhQxK3rfoc7v8GfMJ12oa0HEg7n3Mu993gRZ0rb9pe1sLi0vLKaWcuub2xubed2dqsqjCWhFRLyUNY9rChnglY005zWI0lx4HFa83rXY7/Wp1KxUNzrQUTdAHcE8xnB2kjuDWrqEJXT/66Vy9sFOwWaJ86U5IsHo/L34+Go1Mp9NtshiQMqNOFYqYZjR9pNsNSMcDrMNmNFI0x6uEMbhgocUOUm6dJDdGyUNvJDaZ7QKFV/dyQ4UGoQeKYywLqrZr2x+J/XiLV/6SZMRLGmgkwG+TFH5sRxAqjNJCWaDwzBRDKzKyJdLDHRJqesCcGZPXmeVE8LznnhrGzSuIIJMrAPR3ACDlxAEW6hBBUg8ABP8AKvVt96tt6s90npgjXt2YM/sD5+AOBhlJY=</latexit>

G ! Q ! S
group config. space on 

which G acts
quotient 

space by G





How we (re)discovered
the figure eight 



We used the variational principle:   

The extremals of a certain function A (= `action’)  
on the PATH SPACE of   Q  solve Newton’s equations. 

(Lagrangian) (neg. of potential energy)

Domain of  A: paths q:[0,T] to Q with q(0) =q_0 fixed 
                               and q(T) = q_1 fixed. 



(

Thm. 
On a compact Riemannian manifold 
 every free homotopy class (*) of loops  
is realized by a periodic geodesic. 

Pf. Direct method of the calculus of 
variations: (1) fix such a class. (2) 
minimize the  lengths of loops over 
all loops  representing this class

length: =

We took inspiration from Riemannian
geometry and topology:  



(

b.  REALIZE THAT:             A free homotopy class  of loops in the  
collision-free planar 3-body configuration  space 
                     = 
A conjugacy class in the pure  braid group on 3 strands

We applied  this topological  `direct method’
idea to Newton’s three-body eqns 

a. Replace `length’ by `action’ 

c. Push the variational principal down to shape space 
(don’t insist loop closes up; rather only closes up modulo rotations) 
so as to minimize over loops realizing a given `projective pure braid’



This strategy fails….
   due to `tight binary loops’
    converging to collision and
destroying topological constraint (*)

The strategy can be saved - made to work - if we take all 
three masses to be equal and impose additional  discrete 
symmetries on the competing paths, symmetries arising 
from mass interchange.  
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Li-Liao :

https://nhttps://numericaltank.sjtu.edu.cn/free-fall-3b/free-
fall-3b-movies.htmumericaltank.sjtu.edu.cn/free-fall-3b/free-

fall-3b-movies.htm

https://numericaltank.sjtu.edu.cn/free-fall-3b/free-fall-3b-movies.htm








real imag.

Jacobi 
vectors



Fini 





Overflow: 



W





Py`Burrau’ or 
Pythagorean 3-4-5 

three body problem (*)

(*): Greg Laughlin, UCSC made film w 
Burlisch-Stoer integrator

Overflow!



Hill 
Region.

Fix energy = H =-h < 0. Hill region:part of shape space for which 
there is a v and H(q,v) = -h.  Domain where motion occurs. 
Identical to region with U(q) > +h 



Under the spell of the gauge principle’ -t’Hooft 

Under the spell of the variational principle 
     -Maupertuis, Hamilton, Lagrange, Feynman… 
          (me) 








