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ABSTRACT. The local equivalence problem for sub-Riemannian structures on three-
manifolds is solved. In the course of the solution, it is shown how to attach a canonical
Riemannian metric and connection to the given sub-Riemannian metric and it is shown
how all of the differential invariants of the sub-Riemannian structure can be calculated.
The relation between the completeness of the sub-Riemannian metric, the associated
Riemannian metric, and geodesic completeness is investigated, and an example is given
of a manifold that is complete in the sub-Riemannian metric but not complete in the
canonical associated Riemannian metric. It is shown that the Jacobi equations for sub-
Riemannian geodesics can be interpreted as a scalar, fourth-order, self-adjoint linear
operator along each geodesic. The influence of the differential invariants of the sub-
Riemannian structure on the conjugate points is investigated, and the results are used
to prove a Bonnet-Myers-type theorem for complete sub-Riemannian 3-manifolds.
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1. INTRODUCTION

Sub-Riemannian geometry is the study of a smooth manifold equipped with a positive definite
inner product on a sub-bundle of the tangent bundle (see §1.1 below for the precise definition).
When the sub-bundle is equal to the tangent bundle we have the case of Riemannian geometry.
Sub-Riemannian geometry is the natural setting for control theory (Brockett [1], Hermann [12]).
CR geometry can be thought of as a special case of sub-Riemannian geometry (Webster [23],
Chern and Hamilton [5]). Also, classical isoperimetric problems on surfaces, such as that of
Pappus (finding the shortest curve which encloses a given area) can be considered as problems
in sub-Riemannian geometry.

We now outline the contents of this manuscript. In the remainder of this section we define
what a sub-Riemannian structure on a manifold is and give some examples. We also show
how to associate a Riemannian metric to a given sub-Riemannian manifold and we compare
some of the properties of the manifold with the two metrics. In particular, we discuss the
notion of completeness of a sub-Riemannian manifold and show by example that a complete
sub-Riemannian manifold may have an associated Riemannian metric that is not complete.

In §2 we solve the local equivalence problem for sub-Riemannian metrics on three-manifolds.
We obtain the differential invariants distinguishing sub-Riemannian structures and we interpret
these invariants geometrically. We show how to attach a canonical Riemannian metric and
connection to the sub-Riemannian three-manifold. We also compute all of the homogeneous
examples.

In §3 we derive the sub-Riemannian geodesic equations and we compute the second variation
of the length functional and obtain the Jacobi operator. We interpret this operator as a scalar,
fourth-order self-adjoint linear operator along each geodesic. We show that the index of the
Hessian of the length functional is equal to the number of conjugate points; in particular, a
geodesic is not length-minimizing beyond its first conjugate point. We show how the differential
invariants of the sub-Riemannian structure influence the conjugate points and use this to prove
a Bonnet-Myers-type theorem for complete sub-Riemannian three-manifolds. We then define
the exponential map and explore some of its properties; it is shown that this exponential map is
never a local diffeomorphism. Finally, we compute the geodesics for some of the homogeneous
manifolds.

In §4 we discuss possible generalizations to higher dimensions and the problems encountered
there due to the presence of rigid curves and abnormal extremals.
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1.1. Definitions and examples. Let M be a smooth manifold. A distribution D on M is
a sub-bundle of the tangent bundle T'M, and a D-curve on M is a smooth immersed curve
v : [a,b] — M tangent to D, i.e., ¥(t) € D, for all t € [a,b]. A distribution D is said
to be bracket generating if for every p € M the sections of D near p together with all their
commutators span the tangent space T,M of M at p. This condition is equivalent to there
being no completely integrable subsystem of the corresponding differential system I = D+. In
this case, by a well known theorem of Chow (see [10] for the smooth version of this theorem)
there is a D-curve joining any two points of M. A sub-Riemannian metric is a smoothly varying
positive definite inner product (, ) on D; in the special case where D is equal to the tangent
bundle, (, ) gives a Riemannian metric.

A sub-Riemannian manifold, denoted by the triple (M, D, (, )), is a smooth n-dimensional
manifold M equipped with a sub-Riemannian metric (, ) on a bracket generating distribution
D of rank m > 0. The length of a D-curve v : [a,b] — M is defined to be

1) = [owawm)ar

Because D is bracket generating we may endow M with a distance d: the distance d(p, q)
between any two points p and g of M is

d(p,q) =1inf {L(y) | v is a D-curve joining p to ¢} .
vy
This distance d is often referred to as the Carnot-Carathéodory distance.

The prototypical example of a sub-Riemannian manifold is given by the following sub-
Riemannian structure on the Heisenberg group H?, the group of upper triangular 3 x 3 matrices

1Ly z+sxy
H? = 0 1 T

0 0 1

x,y,zeR} =~ [R3,

We take the distribution D to be the kernel of the left-invariant one-form w? = dz+3 (zdy—ydz).

This distribution is spanned by the vector fields a%—l—%% and 2 —2.9 and we take the inner

17} 2 0z’
product (, ) on D to be the one for which these two vector ﬁeldg are everywhere orthonormal.

Let v(t) = (z(t),y(t),2(t)), a <t <b be a D-curve with (z(a),y(a)) = (0,0). The length
of the tangent vector ¥ is equal to #?+%? and so the length of v is equal to the length of the
projection of v in the plane. The difference z(b)—z(a) in the z-coordinate of ~ is equal to the
integral of one-half of ydxr—xdy, and by Green’s Theorem this is equal to the algebraic area
enclosed by the curve (z,y) and the line segment connecting the endpoints of (z,y).

We see then that the D-curves that realize the distance d(p, q) between two points p,q € H?
are the lifts of curves in the plane that minimize the length subject to the constraint that they
“enclose” a fixed area, in the sense discussed above. This is the classical problem of Pappus,
and it is well known that such curves are given by straight lines and circular arcs. Thus the
“sub-Riemannian geodesics” of this example are straight lines in the plane and certain helices.

Another example of a sub-Riemannian manifold is given by taking M to be R? x S with the
distribution D = ker(sin ¢ dz — cos ¢ dy), where x and y are the coordinates on R? and ¢ is the
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coordinate on S'. This distribution is spanned by the vector fields cos ¢ 9/9z + sin ¢ 9/dy and
0/0¢, and we take the inner product (, ) on D to be the one for which these two vectors are
everywhere orthonormal.

Every D-curve ~v(t) = (z(t),y(t), ¢(t)) with v*(cos ¢ dx+ sin ¢ dy) # 0 is the lift of a regular
curve a(t) = (z(t),y(t)) in the plane whose tangent vector &(t) forms the angle ¢(¢) with the
x-axis, i.e.,

(t) = o(t) cos o(0) -+ v(t)sino(t) 5

where v(t) is the speed of a(t). Conversely, every regular curve « in the plane may be lifted
to a D-curve v(t) = (x(t),y(t), #(t)) by setting ¢(t) equal to the angle between &(t) and the
x-axis. The tangent vector 4(t) of the D-curve « has squared length

(t)
v(t)

where £(t) is the curvature of a, and so the length of «y is equal to the integral of V1 + k?(t) v(t)
along a.

Thus the D-curves with cos ¢ dz+sin ¢ dy # 0 that realize the distance between two points
(20, Yo, o) and (z1,y1, 1) of M are the lifts of curves « in the plane joining (x4, yo) to (21, y1)
with initial angle ¢y and final angle ¢; that minimize the functional

:/vl—l-/@?ds

(3(8), 7(1)) = v* () + ¢*(t) = v* () (1 + ( ) ) =v*()(1+ £*(2))

among all such curves in the plane.

As another example, consider M = R* with coordinates (z,y, 2z, w) and let D be the bracket
generating Engel distribution spanned by the two vector fields 9/9x and 0/0y+x 9/0z+2z 0/ 0w.
Define the sub-Riemannian metric (, ) by declaring these vector fields to be everywhere or-
thonormal.

Let vo(t) be the D-curve described by (x(t), y(t), z(t), w(t)) = (¢, 0,

The length of () is equal to b—a. Let ~(t) = (z(t),y(t), z(t), w(t
joining (a, 0,0, 0) to (b,0,0,0). The derivative of = is

e g(L422 50
= Ox 4 oy 0z yow)’

0), where, say, a <t<b.

0,
)) be any other D-curve

and so v has length

b b
:/ \/j:2+g)2dt2/ i dt > b—a= L(v).

Therefore vq is a length-minimizing curve.

It can be shown [3] that 7q is rigid, i.e., it has a C'-neighborhood U in the space of D-curves
that join (a,0,0,0) to (b,0,0,0) with the property that every other D-curve in U is just a
reparametrization of 7y. Rigid curves need not satisfy the geodesic equations; see [15] and [18]
and §4.1 below for discussions on this issue.
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1.2. Metric space properties. The sub-Riemannian manifold (M, D, (, )) with the Carnot-
Carathéodory distance d is a metric space (M, d). We discuss some of the properties of this
metric space below. We also show how to associate a Riemannian metric to the sub-Riemannian
structure and we show by example that a complete sub-Riemannian manifold may have an
associated Riemannian metric that is not complete.

If the rank of D is strictly less than the dimension of M, then the Hausdorff dimension of
(M, d) is strictly larger than the dimension of M as manifold. More precisely, Mitchell [16]
shows the Hausdorff dimension of (M, d) is equal to the sum Y, i(dim(D;) — dim(D;_,)), where
D; denotes the span of the sections of D together with their commutators of order less than or
equal to 7. For example, if D is a contact distribution on a 3-manifold M then the Hausdorff
dimension of (M, D, (, )) is equal to 4.

Suppose 7 : [a, b] — M is any continuous curve, not necessarily tangent to D. The arc length
L () of v is the supremum over all partitions of [a, b] of the sum Y, d(y(¢x), ¥(tks1)). We define
the distance d4(p, ¢) between any two points p and g of M to be the infimum of all arc lengths
of continuous curves joining p to q. It is not too hard to show that the metric d, is equal to the
Carnot-Carathéodory metric d. Therefore (M, d) is a “length space” in the sense of Gromov [8].
Consequently, every point p in M has a neighborhood U with the property that for every g € U
there is a continuous curve v joining p to ¢ with arc length equal to d(p, ¢). In fact, this curve
may be assumed to be Lipschitz, and so its derivative exists almost everywhere, and where it
exists, ¥ € D (see Strichartz [21]). Furthermore, if the distribution D satisfies the strong bracket
generating hypothesis, i.e., if T'M is generated by D and [X, D] for every nonzero local section
X of D, then Strichartz shows, by using a theorem of Pontryagin, that this Lipschitz curve ~
is actually smooth. Therefore in the strong bracket generating case, any two points within a
sufficiently small neighborhood U may be joined by a length-minimizing D-curve. The only
requirement for this neighborhood U is that it be small enough so that its closure is compact. If
(M, d) has the property that every neighborhood has compact closure, then the same argument
would show that every two points in M may be joined by a length-minimizing D-curve.

The sub-Riemannian manifold (M, D, (, )) will be said to be complete if M is complete with
respect to the metric d. The next proposition gives useful equivalent criterion for completeness.
Its proof follows from general topology and will be omitted.

Proposition 1.1. The following are equivalent:

(1) (M, D, (,)) is complete.

(2) The closed balls are compact.

(3) There is a nested sequence { K, } of compact sets with M = J K,, such that if ¢, & K,
then d(p, g,) — 00.

(4) Every D-curve that leaves every compact set has infinite length.

Corollary 1.1. If (M, D,(,)) is complete and D satisfies the strong bracket generating hy-
pothesis, then every two points in M may be joined by a length-minimizing D-curve.

Given a sub-Riemannian manifold (M, D, (, )), it is always possible to obtain a Riemannian
metric (, ), on M by choosing a sub-bundle £ C T'M complementary to D, putting a positive
definite inner product on E, and declaring E to be orthogonal to D. We will say a Riemannian
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metric (, ), is associated to (M, D,(,)) if (VW) = (V,W) for all VW € D. If v is a
D-curve, then (,4)r = (4,%), and hence the Riemannian length of v is equal to the sub-
Riemannian length of . It follows that the Riemannian distance is no greater than the Carnot-

Carathéodory distance. Therefore, if (M, D, (, }) has a complete associated Riemannian metric,
then (M, D, (, )) is complete.

Proposition 1.2. There exists a complete sub-Riemannian manifold that has a non-complete
assoctated Riemannian metric.

Proof. We will construct an example. Consider M = R? with the sub-Riemannian structure
defined by

1
D = ker(dz— §r2d9)

<’>:1—|—z2

where (7,0, z) are cylindrical coordinates on R3. Set w = dz—%erH. Observe that w A dw =
—rdz Adr Adf # 0; therefore D is a contact distribution and in particular is bracket generating.

The associated Riemannian metric (, )+w? is not complete: Let v, be the curve described
by (r,6,2) = (0,0,t). Its length in the metric { , )+w? is equal to the integral over the positive
t-axis of 1/(1+t?). Therefore 7, is a curve that leaves every compact set but has finite length.

On the other hand, we claim that ( , ) is complete. First observe that if y(¢) = (r(t), 6(¢), z(t))
is a D-curve that leaves every compact set but stays bounded in z, i.e., |2(t)| < 2o, then the
length of ~ is

(dr® 4 r*d6?),

)= 1 2(4)02(t)dt
hggo/ HZQ V0 )
> hm/|r )|dt

1_|_z2h—>oo

> L fim (r(h) — r(0)).

V1 + 2§ h—oo

Because ~y leaves every compact set, limy, .o, r(h) = oo, and therefore v has infinite length.
To show that the D-curves that escape every z-bound have infinite length, we will find
another associated Riemannian metric (, ), for which (, ), > dz*. Set

<7>R:<7>+1+—Z2

where p; and py are the continuous functions
0 if 22 < 5 —1,
M7 22— 441 >4

(1427 if 22 < 5 -1,
Ha = 4—1r2(1+2%) if22>5 -1

(padr + podf + (1 + 2°)dz) ,

and
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The reader may easily verify that the quadratic form ( , ) ,—dz? is non-negative.
Therefore, every curve that escapes every z-bound has infinite length with respect to (, )z,
and thus (M, D, (, )) is complete. [

2. LOCAL EQUIVALENCE OF SUB-RIEMANNIAN STRUCTURES

In this section, we solve the local equivalence problem for sub-Riemannian metrics on three-
manifolds. We show that sub-Riemannian structures on three-manifolds locally depend on
two functions ¢, and K of three variables and we investigate how these differential invariants
influence the geometry. We show for example that if ¢, vanishes identically, then the three-
manifold naturally fibers over a surface with Gauss curvature K. We show how to attach a
canonical Riemannian metric and connection to the sub-Riemannian three-manifold. We also
compute and classify all of the homogeneous examples.

2.1. The Gy-structure. We define the G-structure that completely characterizes the sub-
Riemannian structure.

Given an n-dimensional manifold M, every local coframing n = (n',...,n") on U C M
determines a sub-Riemannian structure (D, (, )) on U by setting D = {p™* ... n"}+ and
(,)=(m)*+---+(n™)?,. Conversely, given a sub-Riemannian structure (D, (, )) on U,
we can always choose a local coframing 7 that satisfies D = {p™*! ... n"}+ and (,) =
(m')?*+---4+(n™)?|,. Now such a choice of coframing 7 is not unique, for D determines
n™ T .. n™only up to a Gl(n—m, R) action, the quadratic form (n')?+- - -+ (n™)? determines
n',...,n™ only up to an O(m) action and, furthermore, since (, ) = (n*)*> +---+ (n™)?|,, we
may add arbitrary multiples of the forms ™% ... 1" to each i’ for 1 <i < m.

Let us say a coframing n = (n*,...,n") is 0-adapted to (M, D, )) if D = {p™* ... n"}*+
and (,) = (n")?>+---4+ (n™)?|,. The set of 0-adapted coframes of (M, D, (, )) forms a Go-

structure By — M, where the structure group is

Gy = {(61 g) : AeO(m), Be M(m,n—m), C € Gl(n—m,R)}.
Now specifying the sub-Riemannian structure (D, (, )) on M is equivalent to specifying the
G-structure. In particular, sub-Riemannian structures are locally equivalent if and only if their
corresponding Gg-structures are locally equivalent. We will solve this equivalence problem using
the equivalence method of Cartan (see [7] for a nice description of this method).

Given a G-structure B — M, let R, denote the right action of G on B defined by R,n = g~ 'n,
and let w denote the R™-valued tautological one-form on B (in terms of a local section 1 of B
we have w = g~ 'n). Note that w is semi-basic, and that Rijw = g 'w. A pseudo-connection is
given by a g-valued one-form © on B whose restriction to the fiber is the Maurer-Cartan form.
In terms of O, the exterior derivative of w can always be expressed in the form

do=-0ANw+TwAw,

where T is the torsion associated to ©.
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2.2. Reduction of the Gy-structure for the 3-dimensional case. For sub-Riemannian
three-manifolds, we show how to reduce the structure group to the group O(2). As a conse-
quence, we see that two sub-Riemannian structures on a three-manifold M? are equivalent if
and only if a canonical coframing on a certain S'-bundle By — M? is preserved.

If (M3,D,(,)) is a 3-dimensional sub-Riemannian manifold, then the bracket generating
distribution D is necessarily a contact distribution, and so every 0-adapted coframing n =
(n*,n%, n3) satisfies n A dn® # 0. The structure group for the 0-adapted coframes is

GO:{[‘S ﬁ] . AcO@2), beR?, ceR—{o}},

and the structure equations dw = —0 A w 4+ Tw A w are in this case

w! 0 a f w! Ty, T3 Th, wrAw?
d{ w* | == —a 0 v |A| & |+ | T8 T3 T WAL .
w? 0 0 ¢ w? T, T3 T}, wAw?

We can modify 3,, and § so as to absorb the first two columns of T, and we can modify «
so as to absorb the top two entries T, and T% of the last column of T'. Of course, T7, cannot
possibly be absorbed since D is a contact distribution. Thus the structure equations can be

written
w! 0 a B w! 00 O wiAw?
d{ W | == —a 0 v |A[ W |+ 00 0 AW |
w? 0 0 ¢ w? 0 0 T wAw?
The choice of pseudo-connection
0 a (O
O=|-a 0 v
0 0 ¢

for which the structure equations are of the above form is not unique, for we may add arbitrary
multiples of w?® to 3,~, and 4.

The equation Rjw = g~ 'w implies R}w® = ¢~'w?, and taking the exterior derivative of both
sides gives

—c NG+ T THw! Aw® = —¢ 'R AW + RyTH(det A7 'w! Aw? + @ Aw?),
where ® is a non-zero combination of w' and w?. In particular,
R;TY, = ¢ 'det A TY,.

By considering the set B; of coframes n € B, satisfying 7%,(n) = 1, we may reduce to the
G-structure B; — M3 where

[TA b . 2
Gl_{[o detA] .AeO(Q),beR}CGO.
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Restricting to By, the structure equations become

wt 0 o p wt 0 0 0 w2 Aw?
d{ o | == —a 0 v |A[ & |+ O 0 0 AW .
w? 0 0 0 w? Ty, T3 1 w' Aw?

Again, we may add arbitrary multiples of w® to 3 and «, so the choice of pseudo-connection is
not unique.

If we now differentiate the equation R}w® = det A~'w?, we find that the induced action of
G, on the torsion space {(T5;,T5,)} is

i) =4 (@ (1) )
* = A %) —b).
R, ( T3 det A \T3, b

In particular, G; acts transitively on the reduced torsion space, thus we may consider the
Go-structure By — M3 where

By = {77 € B | T233(77) = T§’1(77) = 0}

and

GQ:{[‘S de?A] :AEO(2)}.

The local sections of the bundle B, — M? are the local coframings n = (n',n?% n3) of M3
that satisfy dn® = n'An? and for which the sub-Riemannian structure is given by D = (n?)*,
(,) = )+ ®0*?, We will say such a coframing is 2-adapted to the sub-Riemannian
structure.

Restricting to Bs, the structure equations are now

w! 0 a 0 w! Ty, Tg O w? Aw?
d{ w* | == —a 0 0 |A| w* |+ | T3 T3 O wiAw! .
w? 0 00 w? 0 0 1 w' Aw?

By replacing o with a+1/2(T5+T5,)w?, we may assume that T,),= — T3,. Furthermore, differ-
entiation of dw® = w!' Aw? shows that (T3, —T5;) w' Aw?*Aw?® = 0.

Thus the structure equations can be written

w! 0 a 0 w! a1 ay; 0\ [WPAwW?
(1) d{w*|==-a 0 0|A|w?*]|+[az —ar O] [WPAW!],
w3 0 0 0 w3 0 0 1) \wrAw?

where we have set a,=Ty,= — T, and a,=T3,=T3,. Now the choice of pseudo-connection is
unique, for © A w = 0 if and only if o = 0.
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Let A;, B; be the covariant derivatives in the w’ direction of a;, as, respectively. By differen-
tiating the structure equations (1), we find

3
(2) da1 = —2a2a + Z Aiwia
=1
3 .
(3) das = 2a,00 + Z B;w',
=1
(4) da = (Ay — B))w?Aw® + (A; + By)w? Aw' + Kw' Aw?.

Because the choice of pseudo-connection © is unique, the automorphisms of the Gy-structure
By — M?® must preserve the coframing (w!, w? w?, ) on By. In particular, every automorphism
must preserve the functions a;, a., K, and all of their covariant derivatives. It follows from the
general theory of {e}-structures that a;, a; and K form a complete set of differential invariants
of the Gy-structure By — M3,

Note that if a; and a, are both identically zero, then K is the only invariant. If a; and a,
are not both identically zero, then the Gy-structure may be reduced to a discrete G-structure:
It is not too hard to show that G5 acts by rotation on the torsion space {(as, as)}, thus we may
consider the subset Bs C B, of coframes for which a, is zero and a, is positive. The stabilizer
group G5 C G, of Bs is isomorphic to Zy x Z,. Restricting to Bs, the forms w!, w?, and w?
are now basic and « is some combination @ = Y \;w?, thus the structure equations for the
Gs-structure By — M? are

w! Az + o1 0 2\ [w?AwW?
(5) dlw?]| = 0 As— o1 =X | [Winw! ],
w3 0 0 1 wr Aw?

where ¢, = Vai + a3.

2.3. The homogeneous manifolds. The homogeneous sub-Riemannian manifolds are those
for which the the group of automorphisms of the reduced G-structure acts transitively. We now
classify all of the homogeneous examples of sub-Riemannian three-manifolds.

The group of automorphisms of the Gy-structure B, — M? are identified with the group of
diffeomorphisms of B, that preserve the coframing (w!,w? w3 «). This group has dimension
less than or equal to four with equality if and only if the group acts transitively on B,. In this
case ay, as, and K are constant; equations (2) and (3) then imply that a; and ay are both zero.
Thus the homogeneous manifolds with the largest group of symmetries are those for which a,
and a, are both zero. In this case, K = K| is the only invariant.

There are three distinct homogeneous examples with a; and a, both identically zero cor-
responding to the sign of Ky: If Ky > 0, then locally (M3, D, (, )) is equivalent to SO(3); if
Ky =0, then locally (M3, D, (, )) is equivalent to the Heisenberg group; and if K, < 0, then lo-
cally (M3, D, (, )) is equivalent to SI(2,R). In each case, D = (n*)* and (, ) = (n')*+(n?)?|,,
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where (', 1% n?) is the standard left invariant coframing satisfying

n' Ko 0 0 n* A’
dl n» |=1 0 K, 0 2 Ant |.
n? 0 0 1 nt An?

The homogeneous examples which have a; and a, not both identically zero are those for which
the group of automorphisms of the Gs-structure B; — M?3 acts transitively; in this case, the
symmetry group has dimension three and the functions \; and ¢, are constant. Differentiating
the structure equations (5) we find that if A; and ¢, are constant then A\ (A3—p1) = Aa(A3+p1) =
0. Thus the homogeneous manifolds with a; and a, not both identically zero can be classified
according to three cases: case 1 has A\; = Ay = 0, case 2 has Ay = 0, A3 = ¢, and case 3 has
A1 = 0, 3 = —p;. To compute these examples, we compute the Lie algebras corresponding to
the different cases. We assume that ¢; is positive.

case 1: \; = Ay = 0.

Here the structure equations are

w! As + 1 0 0 wiAw?
d|l w? | = 0 As—p1 0 EAw! |
w? 0 0 1 wAw?
and so the Lie algebra g of M is determined by the signs of the diagonal entries of the matrix

C of the structure constants
)\3 + ©1 0 0
C= 0 )\3 — Y1 0 .
0 0 1

a) If A3 > 1, so that the diagonal entries are all positive, then g = s0(3). Here the manifold

is SO(3) with the sub-Riemannian structure D = (n°)* and (, ) = 5-=5-(n")* + ﬁm(nQ)Q’D ,

where 7 is the standard coframing satisfying

n' 1 00 n?> An?
dl n» |=1010 2 Ant |.
n? 0 01 n' An?

b) If A3 = ¢4, then g is the Lie algebra of E(2), the group of rigid motions of the Euclidean
plane. A specific example here is given by the sub-Riemannian structure on R? x S!, with
coordinates (z,y, ¢), induced by the coframing

n' = /21 (cos ¢ dz + sin ¢ dy)
0’ = —do/\/2¢1

n® = sin ¢ dx — cos ¢ dy.
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c) If —p1<A3<yy, then g=s((2,R). Here M=SI((2,R) with the sub-Riemannian structure

D=n*)tand (,)= —/\31+w1 (nH)2 + /\3+¢1(772)2’D’ where 7 is the coframing satisfying

nt 1 0 0 n>An3
d{ n» |=10 -1 0 2 Ant |.
n? 0 0 1 nt A n?

d) If A\3= — ¢, then g is the Lie algebra of E(1,1), the group of rigid motions of the
Lorentzian plane. A specific example here is given by the sub-Riemannian structure induced
by the following coframing on R?® with coordinates (z,y, 2):

' =dz/v/2¢,
n* = /2 (cosh zdx — sinh z dy)
n® = sinh z dx — cosh z dy.

e) If \3< — ¢y, then g=sl(2,R). Here M=SI(2,R) again, but with the sub-Riemannian

structure D = (n°)* and (, ) = =4 (n")* - /\S_i—m(nQ)QlD, where 7 is the coframing satisfying

nt -1 0 0 n>An3
d{ »» |=1 0 -1 0 2 Ant |.
n? 0 0 1 nt A n?

case 2: Ay = 0, A3 = ¢1.
In this case, the structure equations are

w! 201 0 =\ w? A w3
dl{ % | = 0 0 O w3 Awl | .
w3 0 0 1 w! A w?

The Lie algebra is determined by the sign of the determinant 2¢; — A2 /4 of a certain 2 x 2 block
of the symmetric matrix 1/2(C + C7).

a) If 2¢;—A\2/4 > 0, then it is easily verified that this case is given by the sub-Riemannian
structure on R?® induced by the coframing

A
M,

e 2

A A
((—a sinoz — ?1 cosoz)dr + (ocosoz — ?1 sin az)dy)

dz
A1

,,71
=
n®=e 27 (cosozdr +sinozdy),

where 0 = V2p;—A}/4.
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b) If 2¢;—A?/4=0, then it is easily verified that this case is given by the sub-Riemannian
structure on R? induced by the coframing

c) If 2, —\%/4<0, then it is easily verified that this case is given by the sub-Riemannian
structure on R? induced by the coframing

A2

A A
e 3" ((?2 sinhoz — o coshoz)dr 4 (osinhoz — ?2 cosh az)dy)

,,71
n? = —dz

n® =e 7% (—sinhozdx + coshozdy),

where 0 = VA /4—2¢;.
case 3: A\ =0, A3 = —;.
Here the structure equations are

w! 0 0 0 w2 Aw?
dl & | =0 —2p;, =X w3Aw! | .
w3 0 0 1 wl Aw?

Now the determinant of the certain 2 x 2 block of the symmetric matrix 1/2(C+C7T) is equal
to —2¢p1—A3/4, which is always negative. Therefore the Lie algebra in this case is determined
and this situation is essentially the same situation as case 2 c¢). It is easily verified that this
case is in fact given by the sub-Riemannian structure on R? induced by the coframing

n' =dz

2 A2

A A
N =e 27 ((?2 sinhoz — o coshoz)dr 4 (osinhoz — ?2 cosh az)dy)

n® = e~ Fe (—sinhozdz + coshozdy),

where o = V2p;+A3/4.

2.4. The meaning of the invariants. The functions a;, as, and K form a generating set of
differential invariants for sub-Riemannian structures on 3-manifolds. We now give geometric
interpretations of these invariants. We show for example that if a?+a3 is identically zero, then
M3 naturally fibers over a surface with Gauss curvature K.

Proposition 2.1. The functions a? + a3 and K are well defined on M?3.
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Proof. We make use of equations (2) and (3) to compute that the exterior derivative of a? + a2
is equal to zero modulo the semi-basic one forms w’, from which it follows that a? + a3 is well
defined on M?3. Similarly, if we differentiate both sides of equation (4) and then wedge with w?,
we find that dK is equal to zero modulo w?. [

Recall that a local coframing 7 is 2-adapted to the sub-Riemannian manifold (M3, D, (, )) if
7 is the image of a local section of B,. A sub-Riemannian manifold will be said to be amenable
if the leaf space of the codimension 2 foliation defined by the equations n* = n? = 0 can be given
the structure of a smooth surface N in such a way that the natural projection my : M3 — N is
a smooth submersion, for any (and hence every) 2-adapted coframing n = (n*,n? n?%).

Given an amenable sub-Riemannian manifold and any 2-adapted coframing 7, the vector
field V defined by n*(V) = 1 and V =dn® = 0 is vertical for 7y : M*® — N. At each point
p € M3, the vector V, and the plane D, span the tangent space T,,M; thus the derivative map
mn(p) : T,M — Ty, N restricts to be an isomorphism 7y (p) : D, — T}, N. Let ({, )y ), denote
the induced inner product on the tangent space Tj, V.

Now as p varies in the fiber over [p], the inner product ({, ), ), varies in the space of positive
definite inner products on T}, N. There is a canonical area form, namely w'Aw? = n'An?, on
N, and by definition, for each p the inner product ((, ), ), has unit volume with respect to this
area form. So in fact as p moves along the fiber, ({, ), ), will define a curve in the space Sy,
of unit-volume positive definite inner products on T}, N. This space S}, is a two-dimensional
disk and has a natural metric on it that is isometric to the Poincaré metric on the disk. Now,
the fiber 7y'[p] also has a natural metric, namely 7. We will show in Theorem 2.1 below that
if p moves along the fiber with unit speed, then ({, ), ), defines a curve in S, whose speed
is 2V a3+a3.

We first define a coordinate system adapted to the sub-Riemannian structure. Fix a point
q € M3, and choose a neighborhood U C M? of q and coordinates (z,y,2): U — R? centered
at ¢ such that the vector field V is given by 0/0z. Then Vi(w!' Aw?)=0 implies that w'A
w?=f(z,y) drAdy, and by absorbing in x and y we may assume that f(x,y)=1 on U. In these
coordinates the quadratic form (w')?+(w?)? is equal to Edx?* + 2Fdxdy + Gdy?, where E, F, G
are functions on U that satisfy EG—F? = 1.

Theorem 2.1. Let (M3 D, (,)) be an anemable sub-Riemannian manifold, and let [p] be a
point in the leaf space N. As p moves along the fiber wx'[p] with unit speed (with respect to
the metric w®) the corresponding inner product ((, ) ), on Ty N defines a curve in Sy, whose

speed is 2V a? + a3 (with respect to the Poincaré metric).

Proof. Choose coordinates as above so that [p] = (0,0). Now the fiber is the set {(0,0,z2) | z €
R} and the metric w® on the fiber is just dz. The curve in S}, corresponding to the unit speed
curve y(t) = (0,0, ¢) in the fiber is

t —

E(0,0,) F(0,0,%)
F(0,0,t) G(0,0,)] "

The squared speed of this curve with respect to the Poincaré metric is equal to F? — E.G..
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The Lie derivative of (w!)*+(w?)? in the V direction is easily seen to be equal to
az(wh)? — az(w?)? — 2a,w' W2,

On the other hand, in adapted coordinates, the Lie derivative in the direction V=0/0z is equal
to E.dx*+2F.dxdy+G.dy?. Because the area form w!Aw? is equal to dzAdy, it follows that

F? = B.G. = (—2a1)* — (2a3)(—2a,) = 4(a] + a3),
and therefore the speed of the curve is equal to 2vai+a3. O

As a consequence of this theorem, if a3+a3=0 then the induced inner product ({, ), ), gives
a well defined metric on N. In this case the structure equations (1) become

dw! = —a A W?
dw? = a A w!
dw® = W' A w?

da = Kw' A w2

(6)

Differentiating the last equation, we find that dK is equal to zero modulo w!, w? and therefore
K is well defined on N.

Proposition 2.2. Let (M?, D, (, )) be amenable. The induced inner product ({, ) ), on Ty N
gives a well defined metric on N if and only if a? + a3 = 0. In this case, the Gauss curvature
of N is equal to K.

Proof. The first statement follows from Theorem 2.1. To compute the curvature of N with the
metric (, ),, we choose a local section o : W — M? for some suitably small neighborhood
W C N, and consider the pull-back bundle o='By over W. If n = (n', % n?) is any 2-adapted
coframing then (o*n', o*n?) is an orthonormal coframing of W. Because n? is uniquely deter-
mined, the bundle F, of orthonormal coframes for W can be identified with c=18,.

With this identification, we let (o, 1) be the map from F, to B, that sends a point ([p], 7,)
in Fy to the point (¢([p]),n,) in o~ 'By. Unwinding definitions, it is clear that the pull-backs
(0,1)*w" and (o, 1)*w? are the tautological one-forms on Fy. The structure equations (6) now
imply that (o, 1)*« is the connection form on F, and therefore (0,1)*K = o*K is the Gauss
curvature of N. [J

If af+a3 vanishes identically, then in adapted coordinates the sub-Riemannian metric has
the expression E(x,y)dz?+2F(x,y)dzdy+G(x, y)dy* where EG—F?=1. In fact we can always
choose geodesic normal coordinates on IV to assume the metric has the expression

do® +dy* — H(z,y)(zdy — ydx)>.

The contact form w? is then w?*=dz—e;dx—e,ydy, where (e3),.—(€1),=1. Note that if v : [a, b] —
U is a D-curve that lies in an adapted coordinate neighborhood U with the property that the
projection w0y is a closed curve on N, then Stokes’ Theorem implies z(b)—z(a) is equal to the
area enclosed by myoy. Furthermore, the length of the D-curve v is equal to the length of 7yoy.
We can thus describe sub-Riemannian manifolds with a3+a3 identically zero as sub-Riemannian
manifolds of “areal type.”
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If (M3,D,(,)) is not of areal type then K is not even well defined on N. To interpret K
in this case, we associate to the sub-Riemannian manifold the canonical Riemannian metric
(W) +(w?)?+(w?)?. Let Opc denote the Levi-Civita connection of this Riemannian metric
restricted to the bundle By: since a 2-adapted coframing (n', n%, n?) is an orthonormal coframing
of M? in this metric, we think of B, as a sub-bundle of the SO(3)-bundle of orthonormal
coframes over M?, and then O is the pull-back by inclusion of the Levi-Civita connection.

Setting
B 0 Q3 —Qg
@LC = —Q3 0 (67]
(%) —Qq 0
and comparing the structure equations dw = —Opc Aw with (1), we find a;=(1/2—a; )w' —ayw?,
ap= — aw'+(a;+1/2)w? and az= — 1/2w’+a. We compute the entries of the curvature Q =

d(:)LC + @LC AN @LC to be
ng = (AQ — Bl) w2 A w3 + (Al + BQ) w3 /\L‘L)1

—I-(af—l—ag—l—K—Z)wl/\wQ,

913:(A3—a2)w2/\w3_|_(B3—|—(I%+a§+al_i)wg/\wl
— (A1 + By) w' AW,

923:(B3+a1_a%_a§+%)WQ/\wg-l-(—Ag—l—ag)wg/\wl
+ (Ay — By) w' AW

Thus, K+a3+a3—2 is the sectional curvature of the plane D.

Remark 1. The sub-Riemannian structure (D, {,)) produces a CR structure on the three-
manifold M?®. The Webster curvature W ([23], [5]) of a CR manifold is defined to be a certain
combination of the components of the curvature tensor of the (unique) Riemannian metric
inducing the CR structure (see [5] for the definition of a metric “inducing the CR structure” and
for the explicit formula for W. For a CR structure induced by a sub-Riemannian structure, this
Riemannian metric inducing the CR structure turns out to be (w*)*+(w?)*+4(w*)?. Computing
the curvature tensor of this metric and substituting into the formula for W, we find

K
W—Z.

2.5. Spin calculations. The geometric significance of some of the higher order derivatives
of the invariants will be illuminated in the next section. It will be necessary to determine the
combinations of the derivatives of the invariants that are well defined on M3. We now discuss
a procedure for doing this that makes use of the complex structure on D.

On an open set U C M3, we choose an orientation of D and consider the coframes in B;
that preserve this orientation. The set of such coframes forms an SO(2)-structure and we will
continue to use “the Gy-structure By — M3” to denote this SO(2)-structure. We identify an
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element g € G, with the complex number e, and set Q = w'+iw?. The equation R} w = g~ 'w
implies Ry Q = e 7 Q, Ry w® = w3 and R* i @ = a. Furthermore, R, Q = e~ Q implies
R 0= ew Q. It follows that the pullback by R i of any function ¢ appearing in the covariant
derivatives of any of these forms is equal to em9<p for some integer n. This integer n is called
the spin of .

Note that a function ¢ on B, is well defined on M?3 if and only if it has spin zero, for
¢ is constant on the fibers if and only if R, p = ¢. It is clear that spin(dy) = spin(y),
spin(@) = —spin(y), and spin(p A p) = spin(¢)+spin(p). To find the spin of derivatives of the
invariants, we simply compute the structure equations in the basis {2, Q, W, at.

Set a = a;+iay. The structure equations (1) are now

dQ = ia A Q+iaQ AP
dw® = 2O AQ,
2

and differentiating these equations gives
(7) da = 2iaa + b'Q + b*Q + b*w?
(8) da = SKQAQ = ("0 +5Q) Ao’
Differentiating again, we get (after some simplification) in particular that
9) db' = ib'a + b Q + b2 4 bBW?
(10) db? = 3ib*a + b1 Q + b**Q + b3

where b*' — b'? = aK — £b°.

These equations allow us to easily read off the spin of each function. For example, because
Q has spin 1 and w?® has spin 0, the equation dQ=iaAQ+iaQAw? implies the spin of @ is equal
to —2. This in turn allows us to read off the spin of the b"’s. In this way, we construct the
following table:

function||a| |b1|b2|b3| pit |612|bl3|b21|b22|b23
spin[[ -2 0 [-3[-1]-2[-4]-2]-3]-2[0 [

For future reference we will now express each b’ and % in terms of the functions 4;, B;, A

and B;;, where

K

dA1 = Aw o+ Z Aijwj and dBl = Bw a+ Z Bijwj.
Comparing (7) with (2) and (3), we find

(11) 2b1 :Al‘l'BQ‘l'Z(Bl —AQ)
(12) 2b2 - Al - BQ —l— Z(Bl —l— AQ)
(13) b® = A3 + iB;.
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Now differentiating these equations and comparing with (9) and (10), we find
4"t = (A11 — Ags + Big + Boy) + i(—A1s — Agy + By — Bao)
40" = (Ay; + Agy + Bay — Bia) +i(A1z — Agy + By + Bao)
4° = (A11 + Ags + Bis — Bay) + i(A2; — Ay + Byy + Bao)
4b** = (A1 — Ay — Bia — Byy) +i(A1a + Asy + Biy — Bas).

)+

)
(14) |
)

Furthermore, we have the following relations:

(15) AlO == AQ + 2B1, AQO == Al — 2B2,
(16) By = 2A; — By, By =2A; + By,
(17) B12 - B21 = 2(11K + Bg, A21 - A12 = 2(12K - Ag.

3. THE GEODESICS

We now turn to the problem of computing the geodesics of (M3, D, (, )). We use the Griffiths
formalism to compute the geodesic equations and we show that the curves that satisfy these
equations are precisely the extremals among D-curves of the length functional. We compute the
second variation of the length functional and show that the index is zero if and only if there are
no solutions of a certain fourth-order self-adjoint equation, defined in §3.2, that vanish to first
order. In particular, a geodesic is not length-minimizing beyond its first conjugate point. We
then obtain criterion on the invariants that allows us to estimate the maximum distance L to the
first conjugate point. As a consequence, if (M?, D, (, )) is complete and the invariants satisfy
the criterion, then M? is compact with diameter (with respect to the Carnot-Carathéodory
distance d) no greater than L. We define the sub-Riemannian exponential map exp, and show
that unlike the Riemannian exponential map, exp,, is never a local diffeomorphism. We also
show that (M3, D, (,)) is complete if and only if every geodesic can be extended indefinitely.
Finally, we discuss the geodesics of the homogeneous examples in some detail.

3.1. The geodesic equations. As in the last section, let us choose an orientation of D and
consider the SO(2)-structure consisting of the set of coframes in B, that preserve the orientation.
We continue to use the notation “the Gs-structure By, — M?®” to denote this SO(2)-structure.
Every D-curve has a canonical lift as an integral curve on B, of the system S = {w? w?} with
transversality condition w® # 0. This lift just corresponds to choosing a 2-adapted coframing
7 along the curve so that the framing (eq, e,, e3) dual to 7 has e; in the same direction as the
tangent vector. Now the length of the D-curve is equal to the integral of w' along the lifted
integral curve of S. Thus our problem of finding the extremals of the length functional L among
D-curves is equivalent to finding the extremals of

£y = [ o
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among integral curves v of S on B;.

Proposition 3.1. The extremals of L among integral curves of S = {w?, w®} on By are precisely
the projections of integral curves, with transversality condition w* # 0, of the differential system
I = {w?w* a— ' d\ —aw'} on the bundle Y = By x R, where X is the coordinate of the
fiber R.

Proof. Following the Griffiths algorithm [8], we let Z be the affine subbundle Z = S+ w? of the
cotangent bundle T*B, and let { be the restriction to Z of the canonical one-form on T*B,:

C=w'+ \w? + Ao’

By the general theory, the extremals of the functional

Em:/f

among unconstrained curves on Z project to be extremals of £ among integral curves of S on Bs.
The curve v is an extremal of £ among unconstrained curves on Z if and only if v/(¢)=d(|,) = 0.
We compute d¢ modulo w? Aw3:

d¢ = —a Aw? + \ja Aw' + (ag — May)w? Aw' + Agw! A w? +dA Aw? +dX; Aw?.

We contract d¢ with the vector fields dual to the coframing (w!, w?, w3, a, d\;,d\;) on Z and
find that subject to v*w! # 0, the condition 7' 2d{ = 0 is equivalent to the condition that ~
is an integral curve of the system {w?, w? a — Aw?', dA\y — asw'}, and that ~ lies on the locus
Y C Z defined by A\; = 0. Thus the integral curves of I on Y project to be extremals of £
among integral curves of S.

To show that all the extremals of £ arise this way, we need to show that every extremal
among integral curves of S on By can be lifted to an integral curve of I on Y. Because D is
a contact distribution every integral curve of S on Bs is regular. By a result of Hsu [13] it
follows that every extremal of (B, S, £) lifts to a unique extremal of (Y, {0}, £), i.e., it lifts to
an integral curve of I. [

We will say that a D-curve v : [a,b] — M?® parametrized with unit speed is a geodesic if
it lifts to an integral curve of the system I on Y. By the previous proposition, a geodesic
v is necessarily an extremal of the length functional L(v) and conversely every extremal is
necessarily a geodesic. Consequently, every length-minimizing D-curve is in fact a geodesic.

Under the assumption that + has unit speed, the condition that it lifts to an integral curve
of I is

(18) wl=ds, w'=0, =0 a=MAds, d\=ayds.

We will refer to these equations as the geodesic equations.
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Remark 2. The I-lift 7 of the geodesic v pulls back the forms alz(%—al) wr—asw?, ay= —

asw'+(a1+3) w?, and az= — w4 in the Levi-Civita connection
= 0 az —a2
@LC = [—;;3 —?11 061 } to be

Yoy = (% —ay)ds

Yy = —aq ds

Y az = Ads.

The curvature of v is equal to V' N*+a3. Thus, if ai+a3 = 0, the curvature of the geodesic vy is
equal to X and is constant, and the torsion T defined by ¥*«a,=7ds is equal to 1/2.

As a consequence of this remark, we shall refer to the function A along the lifted geodesic ¥
as the sub-Riemannian curvature of .

3.2. The Jacobi operator. We compute the second variation of the length functional and
interpret the Jacobi operator as a scalar, fourth-order self-adjoint linear operator along each
geodesic. We show that the index of the Hessian of the length functional is equal to the number
of conjugate points.

Because the geodesic equations are defined there, it is convenient to work up on the bundle
Y. Set w'=a—Iw' and w>=dA\—asw’. Every integral curve of the system {w?, w®} on By has
a canonical lift as an integral curve of the system I’ = {w? , w3 w*} C I on Y. Therefore we
identify D-curves with integral curves of I’, with transversality condition w® # 0, on Y. The
length of the D-curve is equal to the integral of w! along the lifted integral curve of I'.

Let v : [0,]] — M?® be a D-curve joining p to ¢ and let 7 be its lift as integral curve of
I'. If v is a fixed endpoint variation of v through D-curves, then ~; lifts to be a variation
7 of 4 through integral curves of I’ which does not necessarily fix the endpoints, but satisfies
mo4(0) = p, ™o (l) = q where 7 is the standard projection 7 : Y — M. A variation 7,
through integral curves of I’ on Y which satisfies m o 4;(0) = p, 7 o 44(I) = ¢ will be said to be
an admissable variation of 4 and its variational vector field 97,/0t at t = 0 will be said to be
an infinitesimal admissable variation along 7.

Now suppose the I’-curve 7 is the lift of a geodesic, so that 7 is an integral curve of I with
J*w' # 0. Let 4, be a 2-parameter variation of 4 with infinitesimal admissable variations

0 0
=7 u d W = =9 u
at ., M au

The hessian L., (X, W) of the length functional £ is

2

atauﬁ(ﬁt,u)

X =

t=u=0

Lo.(X, W)=

t=u=0

Let (eq,...,es5) be the framing dual to the coframing (w?, ... ,w’) on Y, and write X =}, X;e;
and W =3 Wie,.
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We define the Jacobi operator along the lifted geodesic 4 to be the following fourth-order
differential operator on the space of smooth functions on [0, []:

d

where p and ¢ are given by the following expressions along #:

(19) p=—3a; + K+ \
(20) q = 2(1% + 4(13 - 2(11K + B12 - 2A11 - 2B21 + 6(11)\2 + 6B1)\

This definition is motivated by the following proposition.

Proposition 3.2. Let 7 : [0,l] — Y be a lifted geodesic with 2-parameter admissable variation
Y- The hessian of the length functional evaluated at the infinitesimal admissable variations
X =>,Xie;and W =3, Wie; of Y1, is

l
E**(X, W) = / W3 JXg ds.
0

Proof. A straightforward computation shows the hessian L,.(X, W) is equal to the integral
f,,y W sd(X -d(), where ¢ = w'+Aw? (see [8]). Now we compute that W od(X od() is equivalent,
modulo I, to

; d
|:W2 (X4 + g(ang) - X5 - XQ((Il + K + )\2) + Xg(BQ + (IQ)\))

d
(21) + W3 ((IlX — g(alAXVQ + X5) + XQ(Al + B2 — (12)\) + Xg(Bg + (I% + (Ig))
+ W4 (—X4 + (11X3 — X2> + W5 (Xg — X2>]w1.

Set I'(t,u, s) = 41..(s). We have

! X1 (t, u, 8)dt + Wi (t, u, s)du+ Yy (t, u, s)ds
2 Xo(t, u, 8)dt + Wo(t, u, s)du
35 =19 Xi(t,u,s)dt + Ws(t, u, s)du
4 Xy (t, u, 8)dt + Wy(t, u, s)du
> Xs(t, u, s)dt + Ws(t, u, s)du+ Ys(t, u, s)ds

where X;(0,0,s) = X; and W;(0,0, s) = W;. Because 7 is the lift of a geodesic, we also have
Y1(0,0,s) = 1, 9Y;/0t(0,0,s) = 9Y;/0u(0,0,s) = 0, and Y5(0,0,s) = 0. Now the structure
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equations for the coframing (w!,...,w®) on Y are easily computed to be

dw! = W At — AP Aw? + a w? Aw? + asw? Aw!

dw? = —w' AWt + asw? Aw® — awi AwW?
dw?® = W AW?
(22) dw* = W' AW® — M AW + (Ay — By — a1 \)w’ Aw?

+ (AL + By — ax WP Aw' + (K + N)w' Aw?
dw® = 2a,w Aw? — asw? Awt — ayasw? AW?
— (Bs + a3)w’ Aw' + (By + as\)w' Aw?.

These equations, when pulled back by I', imply that X; and W; satisfy the following system of
differential equations:

X, = -2Xs — ar X5

Xo=—Xs+a X;

X;=X,

X, =X5— (A1 4+ By —au\) X5 + (K + 2% X,

(23)

where X; denotes the derivative of X; with respect to s. The first equation may be integrated
to give X; = —AX3 + X;(0); because X = Y, X;e; is an infinitesimal admissable variation,
X1, X, X3 must vanish at the endpoints, so that X; = —AXj3. Thus, we may rewrite the above
equations as

X, = -2AX;

X, =X,

X, = a1 X5 — X5

Xs=—X35+4 (a; — K — ) ) X5+ (4, + A1 + By — ap\) X;.

(24)

Now if we substitute these formulas into the expression (21) and integrate by parts several
times, we find that the integral [ W +d(X +d() is equal to

l .. . .
/ Wi (X3 +(=3a; + K + M) X5+ (daA + K — 241, — A1) X5

(25) ’

+ (202 + 202 + Bs + G\ — Gy — Ay — BQ)X3> ds.
The geodesic 7 pulls back « to be Ads; thus equation (2) implies that along 7, a;= — 2a, A+ A;.
This together with a;=\ implies that the derivative of p= — 3a;+K+\? with respect to s is

p=—3a; + K +2)\\ = da\ + K — 24, — A,.

Finally, we need to show that we can rewrite the expression

(26) 2a% 4 202 + B; + ao\ — iy — Ay — B
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as ¢, where ¢ is given by equation (20). We first use equations (2), (3), (15), and (16) to rewrite
(26) without the “dots.” Equations (2) and (3) imply a; = —2a,\ + A; and ay = 2a,\ + By,
and equations (15) and (16) imply A; = —\(Ay + 2B;) + Ay; and By, = M(24, + By) + Bo,.
Using these equations, the expression (26) becomes

2&2 + 4(12 + B3 — 2A11 — B21 + 6(11)\2 + 6B1)\
1 2

Now we use (17) to get rid of Bs, and this expression becomes the right-hand side of equation
(20).

Therefore (25) is equal to the integral along 4 of the product of W3 and J X3, where J is the
Jacobi operator, and the proposition is proved. [

We see in the proof of Proposition 3.2 that any infinitesimal admissable variation X = >, Xje;
satisfies X3 = X, and that X;, X, X5 vanish at the endpoints 0 and [. In particular, X; vanishes
to first order at 0 and [. Let C§°[0, ] denote the space of smooth functions on the interval [0, []
that vanish to first order at 0 and [. Note that the Jacobi operator J is formally self-adjoint on
Cs10,1].

We denote the quadratic form L., (u,u) by Q(u). Recall the index of Q(u) is the dimension
of the largest subspace of C§°[0,!] on which Q(u) is negative definite. Because J is self-adjoint
on Cg°[0, ] the eigenvalues \; are real and constitute a countable set with the point at infinity
the only possible cluster point. Thus the eigenvalues can be arranged

A< A< <A <08 A S

in ascending order. Furthermore, the index of @Q(u) is equal to the number of negative eigen-
values \; <--- <\, <0 of J. In particular, the index of Q(u) is finite.

It turns out that the number of negative eigenvalues of J is intimately related to the number
of zeroes of solutions of the Jacobi equation

(27) Ju=0,  u(0)=1a(0)=0.

This will be made more precise in the following theorem. A point ¢ € (0,1) is a conjugate point
of J with multiplicity m if the space of solutions of (27) which vanish to first order at ¢ has
dimension m > 0. Of course, the multiplicity of a conjugate point of J is either 1 or 2 since J
is a fourth-order operator.

Theorem 3.1. The index of Q(u) is equal to the number of conjugate points of J counted with
multiplicity.

Proof. Suppose the index of Q(u) is n, and let
M<K A <0

be the negative eigenvalues of J. For each z € (0,!], let Ai(z) < Ay(z) < --- denote the
eigenvalues, in ascending order, of the operator J on the space C§°[0, z]. Note that A;(1) = \;
for each 1 < i < n. It follows from general theory that each A;(z) is a strictly decreasing
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continuous function on (0, ] with lim, o+ A;(z) = oo (see [14], for example). Therefore, each
A;(x) has exactly one root ¢;. We claim these roots

0<g<e<---<¢, <

are precisely the conjugate points of J between 0 and [. To see this, note that A;(c;) = 0 by
definition implies there exists a u; € C3°[0, ¢;] satisfying Ju, = 0. By extending u; to a solution
of Ju = 0 on [0, ] we get a solution of (27) vanishing to first order at ¢;. Conversely, if ¢ € (0,1)
is a conjugate point, then 0 is an eigenvalue of J on C§°[0, ¢] and so A;(c) = 0 for some positive
integer j. Because A;(x) strictly decreases, it follows that A;(l) is equal to one of the negative
eigenvalues, say A;, of J, and therefore ¢ =¢;. 0O

The point (c) along a geodesic « is a conjugate point of 7 if ¢ is a conjugate point of the
corresponding Jacobi operator J.

Corollary 3.1. A geodesic no longer minimizes length beyond its first conjugate point.

Proof. Suppose ~(c) is the first conjugate point of the geodesic v. By Theroem 3.1, for every
[ > ¢ the index of Q(u) on the space C3°[0,!] is positive and so there is a function u € C§°[0, (]
for which Q(u) < 0. Setting X3 = w and defining X, X,, X,, X5 by equations (24) gives a
direction X = Y. X;e; along which the length functional £ decreases. O

3.3. A Bonnet-Myers-type theorem. We now seek sufficient conditions on the invariants
to guarantee every geodesic reaches a conjugate point in finite time. We first formulate a
comparison result that will allow us to estimate the maximum distance to the first conjugate
point.

Proposition 3.3. If the operator J, = % + ﬁ(pli) +q1 has a conjugate point on the interval

(0,1] and if po > p1 and g2 < q1, then the operator Jy = % + %(pzﬁ) +q2 also has a conjugate
point on the interval (0,1].

Proof. 1t follows from Theorem 3.1 that J has a conjugate point in the interval (0, ] if and only
if there is a function u € C§°[0, [] for which Q(u) < 0. The proposition now follows immediately
from the observation

Lo d l
Q(u)z/ u'i +u£(pu)+uquds:/ W2 — pu? + qu® ds.
0 0
O

In the case where p and ¢ are constant, the solution to the Jacobi equation (27) may be
computed explicitly. The proof of the following proposition makes use of the fact that c is a
conjugate point of the Jacobi operator if and only if the wronskian of two independent solutions
of the Jacobi equation vanishes at c.
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Proposition 3.4. Suppose p = py > 0 and g = qo > 0 are constant. The Jacobi operator J
has a conjugate point if and only if 4qo < pa. In this case, the first conjugate point occurs no
later than 2w /Vpy — 24/qo- Furthermore, if qo = 0, then the first conjugate point is precisely

27 /\/po-

Proof. If 4gy=p?, then two independent solutions of the Jacobi equation (27) are u(s) =
—kscos(ks)+sin(ks) and v=ssin(ks), where k=vpy/2. We compute the wronskian to be
k?s% + cos?(ks) — 1, which is equal to 0 if and only if ks=0, i.e., only at s=0.

It follows from Proposition 3.3 that there is also no conjugate point if 4¢y>p3.

However, if go=0, then two independent solutions of (27) are pu(s)=1— cos(y/pos) and v(s) =
sin(y/pos)—+/pos. We compute the wronskian to be

—v/po(V/Dos sin(v/pgs) + 2 cos(v/pos) — 2).

The first positive root is seen to be 27/4/po.

Finally, if 4go<p?, but ¢y#0, then two independent solutions of (27) are u(s) = cos(k1s) —
cos(ky8) and v(s)=k, sin(k;8)—k; sin(kas), where py=r?+rx32 and go=r?r3. The wronskian is
now

w(s) = (kT + k3) sin(k;a) sin(kq8) + 21Ky cos(18) cos(kas) — 261 Ky.
Using a few trig identities, it can be shown that w vanishes at ¢ if and only if the function

W(s) = (ky — K1)?sin® ((ﬁg + /@Q%) — (kg + Ky)?sin’ ((ﬁg - /@Q%)
vanishes at ¢. We may assume ky>k;, and let 7=(k1+k2)c/2 and p=(ko—k1)/(kot+k1). Now
W vanishes at ¢ if and only if sin(7)= =+ sin(p7)/p. Because 0<p<1 it is clear that the first
positive 7 for which sin(7)==sin(p7)/p is less than or equal to the first root 7 /p of the function

sin(p7). It follows that the first conjugate point ¢ is less than or equal to 27/Vpo—2v/qo. O

As a consequence of the previous two propositions, if py>0 and ¢y>0 are any pair of constants
that satisfy po—2+/qo>0, then every geodesic for which p>p, and g<qq reaches a conjugate point
no later than 27 /v py—2+/qo.

For instance, if (M, D, (, )) is a sub-Riemannian manifold for which af+a3 = 0, then A = )\,
is constant and the functions p and ¢ are p = K+A2 and ¢ = 0. If K is bounded below by a
positive constant, say K > K, > 0, then p is bounded below by K,+\3. It follows that every
geodesic whose I-lift has initial curvature )y has a conjugate point no later than 27 /v Ky+\2
and therefore every geodesic reaches a conjugate point no later than 2w /v/Kj.

Unfortunately, in the case a? +a3 > 0, q is quadratic in A and will grow larger than any fixed
constant as A gets larger. What we need is an estimate for A which will allow us to find a lower
bound on p and an upper bound on q. '

A somewhat crude estimate is obtained by noting that A = ay; if the function ¢, = Vai+a3
is bounded above by a positive constant ¢;, then |A| < ¢; implies \g—c1I<A<A¢+c;l on the
interval [0, ]. Let ¥ be the function

U — (Mo — i) if Ao > il
10 iAo <l
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and assume K is bounded below, say K > Ky > 0. We have the following bound on p along
every geodesic of length [ whose I-lift has initial curvature \g:

(28) p>Ky—3c¢, + 0.

If K is at least as big as 2¢;, then K (a;+¢1)—a2 is at least as big as 2¢,(a;+¢;)—(p2—a?),
which is equal to (a;+¢;1)? and therefore is non-negative. In particular, if Ky > 2¢;, then the
term 2a? +4a3 —2a, K in q is bounded above by 2¢? +2¢, K. If also | B;| and | B1o—2A4,,—2Bs,|
are bounded above by positive constants ¢, and c3, respectively, then we have the following
bound on ¢ along every geodesic of length | whose I-lift has initial curvature Aq:

(29) q < 2C% + 2ClK0 +c3 + 6C1()\0 + Cll)Q + 662()\0 + Cll).

Now the functions B; and By,—2A;—2B5; are functions on the bundle B,. A quick inspection
of the structure equations das=2a,+ Y Biw', dA;=Apa+ > A;jw’, and dB,=Bjya+ > B;jw’
reveals that these functions are not well defined on the base manifold M. Referring back to
the spin calculations of §2.5, equations (11 and (12) imply that B; is the sum B;=b}+b? of the
imaginary parts of b' and b. It follows that |B;| is bounded from above by the well defined
function on M

(30) 0y = 1/2(b1bL + b2D2).

Similarly, equations (14) imply Bjp—2A;;—2By= — 3by —5bii+b% —b%, and therefore |Biy —
2A1; — 2By| is bounded from above by the well defined function on M

(31) 03 = —36}{1 4 \/2(256121_)12 4 p21p21 4 h22ph22 — p21p22 521522).
Thus the inequality (29) holds if ¢ < ¢y and ¢ < ¢3.
Set
Po = KO — 3C1 + U
and

qo = 2C% + 2C1K0 +c3 + 661()\0 + Cll)Q + 662()\0 + Cll).

If there is a value for [, say L, for which the function py—2./qo is bounded below by the
constant 472/L?, for all positive \g, then Propositions 3.3 and 3.4 imply that every geodesic
has a conjugate point on the interval [0, L].

Theorem 3.2. Let (M3, D, (,)) be a sub-Riemannian manifold whose invariants oy, @2, and
3 are bounded above by positive constants c1, ca, and c3, respectively, and K is bounded below
by the constant K, where

3 2
KOZmax{38cl—|—2\/74c%—|—cg, Z(Z—2> —2673—61}.
1 1

Then every geodesic has a conjugate point on the interval [0, L], where

B 37
\/KO — 961 — 2\/2C% + 2C1K0 + C3

L
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Proof. By the discussion immediately preceding the theorem, it suffices to show that the hy-
pothesis implies that for all positive A\ the function py—24/qo is bounded below by 472 /L?.
For notational convenience, set y=cil, x=M\g, py=Ko—3c1, qy=2¢3+2c¢1Ky+c3, and

F(z,y) =47°ci — poy* + 2v/Q0 ¥°

= 4n¢3 + 2%\ Jab + Ge(a + y)? + Bes(x + y) — yPpy — Uy,

Now L = 31/V pl,—6¢1—2v/¢q), and we need to show that F(x,c,L) < 0 for all x.
Along each ray ¢ = py, 0<u<1, the function F is

F =472 + 20°V gl + 6¢1(p + 1)y + 6ca(p + 1)y — y°ph.

This function strictly increases in w; thus it suffices to consider F' on the region z > y.
On the region z > y, we have

F(x,y) = 4n% + 29\ /gy + 6c1(x + 1) + bea(a + y) — y°p) — (x — y)**.

3 Co 2 C3
K,o>o(2) - &
0—4(c1> 2, !

is equivalent to the condition 9¢3 < 6¢,¢). Under this condition,

F(z,y) < 4n2c +2y° (VBer(@ +y) + Vah) — v — (@ — )%y,

The inequality

For each fixed y this function has a maximum at z=y-++v/6¢;. Along the line x=y++/6¢,, the
function F is

F = 3V6e1y® — (9} — 2v/q — 6¢1)y* + 4n2c2.
We find this cubic is negative at y = ¢, L if and only if

2/3
81v6m
p6—2\/%26cl—|—< \/_> 1.

5

It remains only to show that this condition is guaranteed by the inequality

Ko > 38¢c,+2V T4ci+cy

in the hypothesis of the theorem.

The condition p,—2y/qo > 6¢1+(81v67/5)%/3¢; is implied by p,—2vq, > 31c;, which is
equivalent to 2\/20% + 2¢1 Ko+ ¢35 < Kg—34c;. Squaring both sides and collecting terms, this
inequality becomes 0 < K2—76¢; Ky+1148¢i—4c3, and finally by the quadratic formula, this is
implied by Ky > 38¢;+2V74c2+c3. O

If the sub-Riemannian manifold (M3, D, (, )) is complete, so that every pair of points can
be joined by a minimizing sub-Riemannian geodesic, then we have the following corollary:
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Corollary 3.2. Let (M3, D,(,)) be a complete sub-Riemannian manifold. Under the hypoth-
esis of the Theorem 3.2, M is compact, and in fact the sub-Riemannian diameter is no greater

than
3T

L= .
\/KO — 961 — 2\/2C% + 2C1K0 + c3

Proof. Every pair of points can be joined by a minimizing geodesic; on the other hand, by the
theorem, no geodesic of length greater than L is length-minimizing. Therefore every pair of
points must be within this distance of each other. [

In the case a?+a3 = 0, this result may be slightly improved by the discussion following
Proposition 3.4:

Proposition 3.5. If (M?,D,{,)) is a complete sub-Riemannian manifold with a3 + a3 = 0
and K > Ky > 0, then M is compact with sub-Riemannian diameter no greater than 2w /\/ K.

3.4. The exponential map. The solutions to the geodesic equations (18) are completely
determined by specifying an initial point p € M?® and an initial value (6, \o) in the fiber S* x R
over p. We denote by vy, »,(s) the unique geodesic whose I-lift has initial point (p, 6y, Ag) € Y.
The (sub-Riemannian) exponential map

expp:RxslxR—>M3

is defined by exp, (s, 0, Ao) = Vo,,1,(5)-
The next proposition shows that exp, is never a local diffeomorphism at any point p.

Proposition 3.6. For every p € M3, the differential dexp, is singular at each of the points
(0,60, Xo) in the cylinder {0} x S* x R.

Proof. The exponential map exp, lifts in an obvious way to a map Exp, : R x S IxR—Y
defined by Exp, (s, 0o, Ao) = (789,1,(5), 0(5), A(s)), the unique solution to the geodesic equations
(18) with initial conditions 6(0) = 6y, A(0) = Ao, and 7g,.,,(0) = p. Let X; and W; be the
functions on R x S! x R defined by

w! ds + X,dby + WidXg
w? Xodby + WadAg
(32) Exp, qw’ p = X3dBg + WsdAg
wt X,dOy + WyedAg
wd X5dby + WsdAg

By definition of Exp,, these functions satisfy the initial conditions
X1(07 007 )‘0) = m<07 007 )‘0)

=0
(33) —X4(0, 09, Ao) = W;5(0, 0, o) = 1
X5(0, 00, )\0) == W4(0, 00, )\0) == 0

fori=1,2,3
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Note that Exp, pulls back the form w!Aw?Aw? to be (XoW3—X3Ws) dsAdfyAdXg. On the other
hand, this is equal to the pull-back by exp, of the volume form n'An*An® on M. Therefore
d(exp,) is singular at (c, 0, \o) if and only if X, W5—X3W, vanishes at (c, 0, Ao)-

By a similar computation to the one in the proof of Proposition 3.2, the structure equa-
tions (22) imply that X; and W; satisfy the system of differential equations (23) together with
the additional equation X5=2a; X+ (Bs;+a2) X3+ (By4a2\) X,. Expanding the solution to this
system of o.d.e.’s with the initial conditions (33) in a power series, we find

1 1
X2W3 - X3W2 = —584 + @(—3a1(0) + K(O) + )\3)86 + 0(87),

and therefore d exp,, is singular at every point (0,00, Xo). O

In analogy with Riemannian geometry, we say the point (¢, 6y, A\g) € R x S' xR is a conjugate
point of p if the differential d(exp,) is singular there.

By varying 6, and Ao, Exp, can be thought of as a two-parameter admissable variation of
the lifted geodesic Exp,, (s, fhh, Ag) with infinitesimal admissable variations, say, X =}~ X;e; and
W = > Wi,e;. This variation Exp, is actually a variation through integral curves of I, and thus
the hessian L,. (X, W) is a priori zero. Therefore X3(s, 6y, Ag) and W;(s, 6y, Ag) are solutions of
the Jacobi equation (27). Furthermore, the initial conditions (33) imply they are independent
solutions. Because XQ:Xg and W2:W3, the function X,W5—X3W, is the wronskian of the
independent solutions X3 and W5. Thus, the point (¢, 0y, \g) is a conjugate point of p if and
only if vy, A, (¢) is a conjugate point of the geodesic 7, »,-

Because the exponential map is never a local diffeomorphism there is no “totally normal
neighborhood” around any point in M. Consequently, we shouldn’t expect there to be a
neighborhood U of p with the property that for every point ¢ in U there is a unique length-
minimizing geodesic joining p to q. Indeed, we will show such a neighborhood U does not exist.
This result is a consequence of the following proposition.

Proposition 3.7. For each r > 0, there is a positive Ay with the property that for all 8y and
all [No| > Ag the geodesic 7y, 5, does not minimize length beyond r.

Proof. We will show for each r, there is a Ag with the property that if |\¢| > A, then the Jacobi
operator along the geodesic 7y, », has a conjugate point on the interval (0, r].

It suffices to prove this proposition for small r, for if vy, », does not minimize length on the
interval [0, ], then it obviously does not minimize length on [0,7'] for any r'>r. Assume r is
small enough so that the closed ball B,.(p) is compact. There exists positive constants Ky, ¢y, ¢a,
and c3 so that |K| < K and ¢; < ¢; on B,.(p). Furthermore, the estimate A\g—c;r<A<A\g+cir
holds on the interval [0, r]. Set

po = —Ko —3¢; + (Ao — e17)?
qo = 4ct +2¢1 Ky + 3 + 6¢1(Ng + c17)? + 6ca( Ao + 7).
If Ag>cyr, then equations (19) and (20) imply that along the interval [0, 7],

p=>po and ¢ <qo.
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Because py and qq are quadratic in Ag, it is clear that for each r there is a Ay with the property
that if Ao > Ao then py—2+/q is bounded below by 47%/r? on the interval [0, r]. Propositions
3.3 and 3.4 imply that if Ay > Ay, then ~,, ,, reaches a conjugate point by r, and hence does
not minimize length beyond r. [

Fix a point p in M?. For each positive r, let A,(p) be the subset of the cylinder {r} x S* xR
A, (p) = {(r,00, X0) | Yoo,7, 15 length-minimizing on the interval [0, 7] }.

This set A,(p) is clearly closed, and by the proposition above it is also bounded and is therefore
compact.

Let S,.(p) denote the sphere of radius 7 about p. It is clear that the image exp,(A,(p)) is
contained in S,.(p) for every r. Choose r small enough so that S,.(p) is contained in a coordinate
neighborhood of M. Then S,.(p) is compact, and every point in S, (p) can be joined to p by a
length-minimizing geodesic. It follows that the map exp, : A.(p) — S,(p) is surjective. Now if
this map were also injective, then it would in fact be a homeomorphism, which is impossible.
Consequently, for small enough r there is at least one point ¢ on the sphere S, (p) with the
property that there is more than one length-minimizing geodesic joining p to gq.

As in Riemannian geometry, we define the cut locus C(p) of p to be the set of points ¢ for
which there exists a geodesic starting at p and passing through ¢ with the property that ¢ is the
first point along the geodesic where the geodesic ceases to minimize length. By the definition
of A,.(p), it is clear that the exponential image of the boundary 0A,(p) is contained in the cut
locus of p. In particular, every sphere S,.(p) contains at least one cut point of p.

We say (M3, D, (,)) is geodesically complete if every geodesic can be extended indefinitely,
i.e., if the exponential map is defined on all of R x S* x R. The following theorem is the analog
of the Hopf-Rinow Theorem in Riemannian geometry.

Theorem 3.3. The sub-Riemannian manifold (M3 D, {,)) is complete if and only if it is
geodesically complete. In this case, every pair of points may be joined by a length-minimizing
geodesic.

Proof. Assume (M3, D, (, )) is complete, and let v be a geodesic that is defined for 0<s<o. Let
{sn} be a convergent sequence, converging to o, with s,<o. Since d(v(s,), V(sm)) < |Sn—5m|,
it follows that the sequence {7(s,)} is Cauchy, and hence converges to some p € M?3. We need
only show the curvature A\ remains bounded as s—o. Consider the closed ball B,(p) of radius
o centered at p. By the completeness assumption, closed balls are compact. Thus the function
Va2+a3 is bounded on B, (p) by a non-negative constant ¢;. The equation A = a, now implies

)\O—Claﬁ)\ﬁ)\g—l—cla

on the interval [0, o], and so A(o) is bounded.

Conversely, if (M3, D, (,)) is geodesically complete, then every pair of points may be joined
by a length-minimizing geodesic. The proof of this statement is essentially the same as de
Rahm’s proof of the statement in the Riemannian case (see for example [4]), and will be omitted.
Consider the closed ball B,.(p) of radius r. If B,.(p) is compact for every r, then by Proposition



30 KEENER HUGHEN

1.1 (M3,D,(,)) is complete. Since every point in B,.(p) may be joined to p by a length-
minimizing geodesic, there is aset A C [0, 7] x.S' xR satisfying B, (p) C exp,(A). By Proposition
3.7 we may assume A is bounded and hence has compact closure. Therefore the closed ball
B, (p), being contained in the compact set expp(/_l), is compact. [

3.5. Geodesics on homogeneous manifolds. We now describe the geodesics of the homo-
geneous manifolds (M3, D, (, )) in some detail. Here M is a Lie group and ( , ) is a positive
definite inner product on a Lie subalgebra D.

For homogeneous manifolds with ai+a3 = 0, we may choose a basis {;, &, &} of the Lie
algebra g with bracket relations

Ky, 0 O
([52753] (€3, &1 [51752]):(51 ) 53)(0 K, 0)
0 0 1

that induces the sub-Riemannian structure, i.e., {{, {&»} forms an orthonormal basis of D. With
this basis the geodesic equations (18) can be written

y = L. (cos0 & +sind &), 0=-\ A=0,

where L, denotes left multiplication by p. Note that cos 0+ sinf¢, is a periodic curve on g
with period 27/ \.

Consider the Heisenberg group equipped with the sub-Riemannian structure for which a?+a3
and K, are both zero. The geodesic equations may be explicitly integrated, and we find the

geodesic 7y, », (s) starting at (0,0, 0) is given in coordinates by
infy — sin(fy — A 0o — Aos) — cos 6
2(s) = sin 6, — sin(6, Os)’ y(s) = cos (6 08) — CoS .
)\0 )‘O

The Jacobian of the exponential map exp,, is computed to be

o(s) = AoS — sin Ags
2\2

(Xossin Ags + 2cos A\gs — 2) /A

Thus the first conjugate point along s, »,(s) occurs at 27w /\g. Since z(27/Ag) = y(27/Xg) =0
and z(27/Xo) = /A%, we see that the first conjugate locus of (0,0, 0) is the entire z-axis. This
is precisely the cut locus of (0,0,0); after all, every circle in the plane ceases to minimize length
among curves enclosing a fixed area immediately after it first closes up.

Thus in the Heisenberg case the conjugate locus and the cut locus coincide. Furthermore,
there are precisely two cut points of (0,0,0) on every sphere S,.(0,0,0), at (0,0, +r).

We now look more closely at the sphere S,.(0,0,0) of radius :

$,(0,0,0) = {')/90,,\0(1”) 10 <6, < 2, —27” << 27”}

The distance from (0,0,0) to a point (x,y,0) in the zy-plane is equal to vV z?+y?, however the
distance from (0,0,0) to a point (0, 0, z) along the z-axis is equal to v/47z. Therefore S, (0,0,0)
intersects the zy-plane in a circle of radius r and it intersects the z-axis at +r? /4.
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The following is a picture of the upper half of the sphere S;(0,0,0). Note the singularity at
the z-axis:

Consider now the group SO(3) equipped with the sub-Riemannian structure for which
a?+a3 =0 and K, = 1. We identify SO(3) with the bundle Fg= of oriented orthonormal frames
of S?. The sub-Riemannian structure is the one induced by the unique coframing (w', w?, p) on
Fs2 where p is the connection form for Fg: — S? and (w', w?) is the tautological one-form.

Every D-curve v on SO(3) is the lift of a regular curve 5 on S? by parallel transport:
v(s) = (7(s);e1(s)), where e;(s) is the parallel transport of the initial vector e;(0) along 7.
Note that the geodesics on SO(3) are the lifts of circular arcs on S2.

Because K=1 and a3+a3=0, we see the Jacobi operator along a geodesic v with curvature
Ao has its first conjugate point at 2w /v 1+A3. This is precisely where the projected curve ¥
first closes up. Therefore the conjugate locus of (p, e;) consists of the S* fiber over p. It can
also be shown that the cut locus of (p; e;) consists of the S! fiber over p, the S* fiber over the
antipodal point of p, and the set of (g; €}) such that the angle formed by the parallel transport
of e; along the great circle joining p to ¢ and the vector €] is equal to .

For homogeneous manifolds with ai+a3#0, we may choose a basis {1, &, &3} of the Lie
algebra g with bracket relations

Az + 1 0 -\
([52753] [53751] [51752]) :(51 ) 53)( 0 Az — @1 —)\2>
0 0 1

that induces the sub-Riemannian structure. With this basis the geodesic equations (18) can be
written

A= L’V(S)(cosﬁfl +sinf &), O =\ cosO+ Nosinfd — N\, A= —( sin 26.

Consider the group E(2) of rigid motions of the Euclidean plane equipped with the sub-
Riemannian structure for which ¢p;=X3=1/2 and A\;=X,=0. This is case 1 b) of §2.3; identifying



32 KEENER HUGHEN
E(2) with R? x S', with coordinates (z,y, ¢), the geodesic equations can be written
. . . 1
T =cosflcosp, 1 =-cosfsing, ¢=—sinf, O=-\ I= —3 sin 26.

The last two equations imply )\QZC—% cos 260, where ¢> — 1/2; the phase portrait is shown in

the following diagram:
/\

S
S

6=0 0=m/2 0=n

Plotted below are three solutions (x(t),y(t)) of the geodesic equations with 6, = w/2. The
curve on the left has 0<\y<1 (so that (0, \) lies inside the separatrix), the middle curve has
Ao=1 (so that (0, \) lies on the separatrix), and the curve on the right has A\y>1 (so that (6, \)
lies outside the separatrix):
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Remark 3. Note that these curves have kinks; this should be compared with the minimizing
curves of the functional [ k?*. Curves that minimize this functional are known to be regular [2].
It is surprising that the minimizing curves for these two functionals behave so differently.

By examining the Jacobi operator, it can be shown that for A\q very near zero, the geodesic
Vx/2,5, has no conjugate points. It can also be shown that for Ay bigger than about 16, the

geodesic v, /2, has a conjugate point no later than 27 /(V \g—2—2v/3)\).

4. SOME REMARKS ON THE HIGHER DIMENSIONAL CASE

In this section, we discuss possible generalizations to higher dimensions and the difficulties
encountered there due to the presence of non-regular curves and abnormal minimizers. Let
(M, D, (,)) be a sub-Riemannian manifold, where M has dimension n and D has rank m > 0.
Denote by Qp(p, q) the space of D-curves joining p to q.

4.1. Non-regular curves. It is a fundamental problem to determine the topology of Qp(p, q).
This problem is complicated by the presence of so-called “non-regular” curves. These are the
curves at which “the natural candidate” for the tangent space T,Qp(p, ¢) fails to be the true
tangent space [3]. Consequently, one needs to be careful when applying the techniques of the
calculus of variations to find the extremals of the length functional £ defined on Qp(p, q).

Recall as in the proof of Proposition 3.1 that associated to the variational problem (M, D, L)
there is a variational problem (Z, {0}, Z) with the property that extremals of (Z, {0}, Z) project
to be extremals of (M, D, £) [8]. The extremals of (Z,{0},£) are precisely the integral curves
of the Euler-Lagrange system on Z. The D-curves that are the projections of integral curves
of the Euler-Lagrange system will be said to be geodesics. Every geodesic is an extremal, but
the converse need not be true. In [13], Hsu shows that every regular extremal is a geodesic.
For strongly bracket generating distributions (defined in §1.2 above), it can be shown that
every D-curve is regular. For instance, contact distributions are strongly bracket generating.
Distributions that are strongly bracket generating are rare, however: if D is strongly bracket
generating of rank m#n—1, then m must be a multiple of 4 and also must be less than n(n—1)/2.
Furthermore, if D is not strongly bracket generating, then there are always non-reqular curves
[3]. If one of these non-regular curves happens to be an extremal of (M, D, L), there is no
guarantee that it is a geodesic.

In [15], Liu and Sussman give an example of a length-minimizing curve on a sub-Riemannian
Engel manifold that is not a geodesic. This curve is rigid, i.e., it is isolated in the space Qp(p, q)
with the C'-topology. Because rigid curves have no compact variations they are trivially local
extremals of (M, D, L); it is somewhat surprising that rigid curves can be global extremals.
Generalizations of Theorem 3.2 to the higher dimensional case will thus require an estimate of
how far one can take one of these abnormal minimizers before it is no longer minimizing. This
is an interesting problem in itself, and is closely related to the problem of determining how far
one can take a rigid curve and still have a rigid curve (see Bryant and Hsu [3]). Note that
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the length-minimizing D-curve given in the third example of §1.1 is also rigid. However, it is
possible to show this rigid curve does satisfy the geodesic equations.

4.2. Smoothness of minimizers and completeness issues. Because the length-minimizing
curves need not lift to solutions of the Euler-Lagrange equations, it is natural to ask if all the
extremals of (M, D, L) are smooth. If v is a regular extremal, then it is a consequence of
Pontryagin’s Maximum Principle (see Strichartz [21], for example) that « is smooth. If v is a
non-regular extremal however, then it need not be smooth. In fact, in [15] Liu and Sussman
give an example of an abnormal extremal that is not even C'. It is not known at this time
whether this curve is locally optimal. See Montgomery [17] for an interesting discussion on a
sufficient condition to guarantee smoothness of sub-Riemannian minimizers.

It may be more natural in the higher dimensional case to define a D-curve as a Lipschitz
curve, rather than smooth curve, whose derivative lies in D (wherever it exists). Now the
Carnot-Carathéodory distance d(p, q) between two points p and ¢ is the infimum of the lengths
of Lipschitz curves tangent to D joining p to q. If p and ¢ are contained in a neighborhood
that has compact closure, then it follows that there is a length-minimizing D-curve joining p
to ¢ [21]. Thus, if (M, D, (, )) is complete, then Proposition 1.1 implies that every pair of
points may be joined by a length-minimizing D-curve. This length-minimizing D-curve need
not be a geodesic. Referring to the proof of Theorem 3.3 it seems likely then that (M, D, (, ))
geodesically complete does not imply every pair of points may be joined by a length-minimizing
geodesic or even by a length-minimizing D-curve. Consequently, it seems likely that geodesic
completeness need not imply completeness.

Finally, it will be interesting to investigate the relation between cut points and conjugate
points in the higher dimensional case. It is well known in Riemannian geometry that if v(¢y) is
the cut point of p = v(0) along =, then either a) v(ty) is the first conjugate point of v(0) along
v or b) there exists a different geodesic « from p to v(¢) such that the length of o equals the
length of v; conversely, if a) or b) is satisfied, then there exists ¢; in (0, tg] such that v(t;) is
the cut point of p along . This is probably not true in sub-Riemannian geometry. Certainly
a) implies that « reaches a cut point before t,, but the proofs of the other implications in
Riemannian geometry won’t carry over to sub-Riemannian geometry because of the presence
of abnormal minimizers.
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