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100 total points possible. 20 points per problom, Points divided equally among
sub-prablems of a glven problem, unless stated otherwlse,

L. {20 pts] Plek a positive number N > 1, Take its square root. Take the

squeare roob of that, . Continue, forming the sequence: &g = N2 = VIV, %2 =
\/ﬂ:—lll ICEELES B \ﬁ’?)—;: ive
a) {2 pts|i¥hat map F(w) ove you fberating to form tho sequonce?

Fladz{x

b} [6] Draw a cabweb diagram for () Indleatlng how ha sequencs Is convorglng,

¢} [6} To what nmnber 2, does the sequence converge? L2
FlrlexX , far x>0 e X=X < X =X,

L= X = |,

= 4

d} [8 pis] How fast does the sequence convergo? That Is: find & good asymptotic

estimatae ( o positlve eonstant) for the successive ratios (wnps — @y )}/ (ay — @) of
aloments of this sequencs, vaild for favge n,
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2, [20) Consider the shift map ¢ ¢ ¥ — By on the space Xy of bi-infinlte
gequences of 0’ and s, Desciibe the sot of all polnts whose oybit uuder ¢ Is
lietoraolinie connecting 0 = ...00,00,.. in the past to T = .,.1L1i1... in the
fubure, That I, deseribe the set U0} 1 H4(1)
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: @[20 pts] Drawn ate plhase portiatts of five planar vector fiolds, Inlelled L1,
T @ HI TV, and V. The orlgin Is ay oqulilbrlum for each. Next to each ave lattora S and |
- \ followedt by blanks. Fill in tho blak for § aceording fo the speetrum (=clgonvalies)
of the linearlzatlon of that veetor feld at the ovigln, Fitl i tho blank for I fecording
BN to the index of that veator fiekl about the orlght, Take your answers for S and I

, = ) from the followlng lists;

8 {0,9}, {1, 1}{H111}1 {—Ilﬁl}l ' {2ii “25}1 [1 ‘F41 “ﬂ’: {"‘1 +i -1 i}

It —d,-3,-2,-1,p, 1,2,8,4,U = Undafined
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4. {20 pts] For phase portvelts I and ITT of the previous problom please provide:
A) a brief avgumant for your cholca § of apectrum , and B) a formula for the QDB
= f(%4), 8 = g(w, ) which that phase portrait represents, and a bifef avgumont
fm you choice of formula, Take your vector Reld (f, g} from tho followlng lisk:
(£,8) = (@ ~p)y (=~ (20 = 1), (@ 2 ), (4, 0), (0, ),
(@ — %, 2}, (eyye® — %), (0% o+ 3Py, 802y — %), (0 — 3a®y, 852y + %)
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B, [20 pts] Consider the system

W # =azfaxt+by—e)
¥ =ylex+dy— f)

of differential equations with constant real parameters a, b, ¢, d; e, f such that ad #
0 and ef # 0. This vector ficld has four equilibria, three of which are on the

coordinate axes and one of which, say py, is not.

(1) {5 pts) (A) Find the 2,y coordinates of the three equilibrium points which

lte on the axes as functions of the parameters. And (B) wtite down the two
£
W equations which define the 4th point p.
©00)  x=0 . = O ax+ly~€=0
N__C?(‘{:Fy “« _ aj(—f‘(gx/“e = O CK"‘O{/ 1£ o
©, %/ (% 6) Y b
w 2 axtby=e
| C XK y = <.

f -
(if) (b pts) Suppose that pyg = (1,1) and e = f. Can pa be a spival source? Why
or why not? '
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(lii) (10 pts) Deslgn a matrix

a b

¢ d
so that py Is as in ltem {ii), that e = 2, and that p4 Is a saddle point whose
skable manifold is tangent to the line & = 1.
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(iv) {(EXTRA CREDIT) There is one free parameter for the answer to item (iii),

according to the strength {eigenvalue) of attraction along the line & = 1

towards py. Make a choice for that number. Rewrite out the ODE (1}, now

' ) C\L‘(/( . with all pavameters fixed numbers. Draw the phase portrait for your resulting

[ MR vector field, Indicating the stability type of all four equilibria in your diagram
and any heteroclinic connections that might exist,
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