LI . Z (hear J‘ympd'e:fc'c cafe’gory ’ compaifian m‘ Zagr corvesp.

The Linear Symp Zegft'g cgfggrz [@&..-’..-.F&nhy “The moment iup revisi ot ]
(v, o), (v, ,w,) S)enpéu‘t'c vector spaces

0. @ nondhgemsrabe shew-symmetric bilitac Bem
(,0,) S (R, = dccadly; )

s La{grangian .mb.j“oace : AC lrf; S‘ub.l‘pne ,
Wfy =0, dmh=hdinly (or w4ty AY=l05 = veA )
* [ineor S;n?bct‘omrp}:f!m: @ : V=V, isomorphism Q*Cd, = @,

Mot graph & = (v, 8) uel,y < (V=Y (o) Beo, )= W w\/

t
- isa La;rwy (an subspace

din Vy
. (('w"}e Cd'.) [(VD; gva); (V.I:Q*Q')) =~ (U, K.i) + @, (D, 5"3')
. = A —~—— ¥ ﬁ:w'(%'\é'j :O
g J

___£_*'_-': A canonical relation ((ireor qumnjmn co:—mpoménce)
from o bo V| is o Z.aym?fm subspace /lm‘-'- l[ww ]

We write %-434 Vi sie it pororaliser sympledomprphions.



A
Def®: The composition of ULV, aed V=2V, s

AmoA,z = {[VMVZ} { HMEM : [Vm%) € Aﬂl :(W:VJ)EAGE
:mz(/\mﬁ_/\lz) c:.Vﬂ’-'%

N e
f= (Ao!xAtz)n ( VD x&A‘ i Vz )
Mot oty = oV sthulvie i3 VeV,
projet tion dizgonal

.E.X_.. Va "E”V; s VZ Synp‘e.-: 'éorwrp‘n:fm.r

gré&egr¥ = grl(ped)
Lemma‘- Aa," 12 < K-"Vz (s a canosical relation

Praok: o (%) 1wy v0) € Agol\y,  with corrapmding v, V' € Y

.ﬁm *‘-'l"-
((“woja 602,) ((Vﬁ Vg], (V&llvz'}) = -HGJO(VNVJ) +wl{V||VJ.) = O
+0, (v, %5') —wilvi,v') = O

nuz Jaf

. /\mﬁ /\u < V;"V,‘Vl‘rvz s a m&rpu af diman sion
é/L"":f’;A', T “'Vlj + 4"’" %%ﬂa*'mﬂr'%)

= ok s

. Tlh(/l,,ﬁl ﬂ;-;) is & subspace of dimension i
Toz
& (Alri.Ala) T 94" (A.:‘CQ,A,Q N E}YV,MV,#{OI)



BV, Y N Lo 1,
(ﬁh“ﬁu)“'('fo"bfvw) - Tﬁmnl)"'mmm) = Tr:ULt) n TT‘ Mn)

/s
Ao Ny 0 D Yt0) = fveV [ (o,v)eA, , (v,00€ Ay ]

X Tr,m.,JJ”"':f vel | wv)=0 V(wewed, |
e (Ol'c") € Ao"l""-’ﬂwi = Aﬂl

= el [ el o

Wc o(e\rme ‘H)e ZI"haJ'r J’becfg'c CQfP’Or}r SZ"‘"‘E b),
. objed‘s : (V,N) s)pmflgcﬁ'c veetor pece

Sy
—_—

+ morphisms /gv‘({/o,v,) . carorical relotions |, V

. Comroji{'t'an - as above

. l’.d&nh‘{:y %{VJV)Q Jy = APCV-"V p&'l,gqaz

TO CHECK: composit‘:bn (s afsociakive . Jy°/\=/\' A.ip



Wﬂu@mﬁc COrn_paﬂ'ﬁbn
(Ma,wo): (H.,&J,) Symlaktgic Wm'ﬁ[&{f

w; hwl{cgenmk 2-form c!ﬁJJ=O J
~ 2n;

Dhrbous : (f'f,‘.wj) ol (R \ Zagf.-na’;;-)
diffeom.

+ Lograngion submanifold © L€ M, submonifold

wol, 20, dul=Yditly (or (v, TL)=0 = veTil Vrel
* symplectomorphism : p: MM, diffom. , piw, =,
Mofe:  gapkp =Lim,pmg | melhd € MxH, = E‘f;:‘:‘:ﬁﬂ%m“vﬂl

is a Zalrp? (on  Submanitold o | M
AT — (m,ﬂh@ﬂe from ﬂp ) ﬂ;

£2: A lag"'ﬂr?l'ﬂn Correspondence  Trom My to M, isa

——————

l-a;wgfan J‘a!)hanr'&fd Z_,,, ‘:M:"M, jflﬂff ”o‘ii'MJ -

Ex: La’r. corresp. pt—=M = ﬂﬂ,ﬂ submenifolds of M
Logr. corcesp. M—pt 2 Lagn cubmenifolds of M

A Alﬂ!rsd»ﬂ LCM:*H,'*M; can be CGWW M, = M, "/1;
MM, —> My
Pi‘ -3 M;'*HlsM;
Mo"H:"Hz p— Pt



'De_izz The ﬁ_ﬁﬂ! of ”,‘iw‘}Ml A MpiMo

Lo =0, | (visls < M7xM, .
B (grg) = grig)
Exercise Whon is  Lools, = Dy, ) Looloa =D, , or both 2
Def’: Them of MESM ad H2H, s
Loro Ly = fbope) | Il = (e € Loy, o) el ]
= T (Lo xLin)  SHH,
Ex: grocogr ¥ =prlyyp)
grg o Loy = (gxHp)(Lo) ) Loogrg = (My,*g)lla)
(10enTiTy) Ay ole =Lo, , Loo By = Lo,
(AssocATIviTY)  (Loyoln)olog =40 Uintlss)
(DVALITY) (Looly )€ = LE oLf



P.C;f_"‘.‘ Lo ®liz s
hd fransvergg I'p (Lﬁl "Z—;g) ﬂs (ﬂo 'An,"/"z)
te. (7(-‘% %) L" - 7;": el le) +(T¢L < Elwl’ﬂhl = 7-;1 H:) = 7(-"'-;“""-1'&)”.‘& ’ﬁ:ﬂ

B all (or%,x%) € (Lo=Lin)n (MoxDn2te) .

o embedded if V{x,,xz]d_,.nl,, B!x,eﬂ,- (0. %5) € Lo,
CXE,":.)G'LQ

Lemma : ) transverre = Zg,. %4, [_,, C‘-Mg"ﬁ,f-ﬂ,"ﬂg is a submenitold
and Tﬂ.g ; quﬂ: Lﬂ_ —> Mo*ﬂz Ls an immersion

(i) trangverse Kembableod = [, 0L, <M, is o Zgr. Correipongence
(e TRy am M‘q)

(acal cooreh rabey
Prook: (i) implicit Function theorom for LorLn, —> MM, g

Oy, %) 360) 2 €36,,3)) =2 3¢, =]

T (MaxPxhy¢
A dm, = ¢ %z.srq,)ﬂrn.-m,-rﬂ,.) = {0]

as in Linear . fmmwml-‘t?

() Tog Losa Ly —> My2py is injechive -



LZ = Excmp/es o{: [_agmngia-ﬂ befc‘.rﬁva’ma and COmpon'{rbn

Def?: Lol is
* M ifF (Lﬁl "le)ff] (ﬂa"ﬁa,"ﬂz) e, V(ko,x,,x,,x;)e (L)al.)
ce. (T L" * T(-l; nad L’Z) +(T5ﬁ) wT{;,xgﬂh, * T:r; Hﬂ) = '];.'W#qwheﬁﬂ'ﬁrﬂ

')

o embedded if V(x)elool, IlxeM : 6o3)€ Lo,
(%, )€ L,

[_cmma () transverre = Zg, 75:,, L,, CM;"/",SH,“H; is a cubmanifold

angl Tﬂ,z ' L,,"‘?t. L.,_ —> ﬂo" a LS an immersion

(i) trargvorse Kembakleod = Lmﬂ Lg CM;ﬂz is a Zgr Corretpongdence
(e TRy an embediding)
local coordirakes
M-‘ (i) t'm‘pé'a'{' Function theoram for La,"l.,, —> MM, L, R
(%07 3p) £ €3¢, %) =5 3¢, =3
o Tloa*Tly —> TH, surjective

(v ¥\ ¥2) > V-V

™, Th
v~ Y"‘ Tﬁ.l‘ wTH
& (TL.,’TJ’.;,)"TA,A, — TH=Tn, ’ surjactie
(V.Y v\ V2 i.,.:f..w\q‘-’%(wn-la :"".“:’).,,, Q\’
- . trans v&—mﬁ#
® immersion:
44 " T(mxh.xﬁ,f@/ \
-n-on 'i_"' (T‘q"T‘-;;) *(Tﬂ,*Tﬂ.'Tﬂz) - {O}
as in linear Lesmma

lii) My, - La,“n, L,‘ p— Ho—“ﬂg s Enjedfm LmmersiOn u



P
I
;!

{\__ ,Jf
B
)
I

rj
- =
o
Q
h
I
If I
/
Y
.
Ve~
=
_[?“

>
-
-
Y
N
3
A
T
i
,f;’qt'—“'l =
-
v
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A
/ e ﬂg lf J, —\L Lﬂ Jﬂll T _\hﬁ
|\ /] e 2/t
(7 7 25
AN - 4 = 'ﬁ&

Quc;fr’gm Con f‘rmfmé'fy be achieved é« .S'Afﬁr'nj Lo Loz
W:"Hl Hami ltondan o{nﬁ'anm—p&um oh Ma,ﬁz 2

Nol ~ no easy definition of [..,'L,g as immeosed f-ﬂ;mx {an



QgraHMH Correspondames _arising from fibered cocsotropics
[McDutt -Salamon £5.3]

(M) symplectic mbl ., dim M=2s
« CcM Soisotropic Submanitoled
{Vxe C 'E:Cm==fw7;ﬂ | v, kc)s0)} < T.',C]
* daC=n+k b0 | Ao T =n-k )
wdh Te =% and (T, @) s sympletic
Lemma: The "null hliation” (TCF <TC is integrable,
it locally (TQ°=TN ; NeC submenitold (isotropic leaf?).
Proof: X,Y € P(TC) vecko- fields
need to check : X,Y € T in nbht of peC = [XY]@peTpc
V2el(Tc) w(lx,y], 2)

= w(xY)2) * wlly,2],X) rallzx]y) +Galzy)+d0lx2)+ Zalyx

= dw (X(‘le) =0

= {:X.}’J e TCm |



» Suppase (TCF s ropuler : all lenls are cmpoct submanifolls.
Then  B= Sfone it pqonsmelnd) is a symplectc mosifild
with wy induced by oo on TB = o4 |
So we hove @ Fibration T C-»B  with T W =W,
We also hare e emlwé/:’:y ¢: Qe M  and
((xm(C) € M=xB  is a Lagrongian correspondbce.

CHECK : (=T embest , ol C = n+k = %(dbt + ok B)

(L”W)*('&)gﬁ}ﬂ) = -&J{c + TT*CAJB = O/’



La}h\'gyf an Corrﬂ{mno@@ﬂ an'.rt'rz’g from mom@tf mep s
[Me-%L 5.2,53]

(M) symplectic mfd

G Lie group gi='f;6 Lie algebra , fix Ginveciant inns- product €a'2g

?/: G— %(M] Hami Honian group action K::HI moment map

M=
- YT . vlgh) = vg)eyih) JNE.
. Clﬂ_'lf’ : g —y F[TM) maps to Hamilfpnion veclor fields
Jr— Xy@lﬂfgi?fwmp W(Xy, ") et acm

w(, ) =d( <, 1y) Vieg

Hf M=2R PP af/uqa)']'?’

(}‘@""” H!‘ is a lie afehe ho'mmnqoﬁ&m)
i M IS equivariant - My x) = 3/4:(!()3—.

_E‘_Xi: An}/ Hﬂﬂ‘?‘.é{o}ﬂ}i'h S"ﬂ'c'éf.ﬁn AGJ" Qa mam‘,{ map .
IﬁL:o Ve"‘ég’) =,}°XH i W(XH,')SCJ{H

—~> M M— f&ﬂ ;t'mn ‘)’ Aelp) ==H(p}



//Ol!c: /difO) CM is G-invariant (W’P/A{OJ w::/;'t'al' Vj )

#S(ﬂoo.re 6 ac{.r 'FM!/V M,&E'{O) [%(p)zp e'/:'lo) = 3-,’ }
and G is com,ncl‘,connrcf'&a‘f
Claizs
/1:'(0) cM isa coisot"r-opic subpmuanifoldd
orbits f%{p) IyGGS are the l'.raévpri: (eaves
MIG = M (/02-’; s a S‘y'vrfkc{ic menitold ‘fym,&{r'c fto{(h-a‘ )
L= T /:[{)) — M_x HIG emMJ‘ e anrr?iqn camrpdr%vce



L3 - éﬂfm";fﬁﬂ Cﬂffdﬂ?ﬂ’mee a-rérin; From nmoment R ps

__E_}(___ M= (fm: 5'= Q/E cM BIV rotation %ﬂ(zw__.;“):(g”gm__r;" “:-,}’J
VIcR=g Xp(a.2.)=2mi] - (2, ...2,)

(X ,v)= (X)) v =-2rf z-v
=5 aﬂu(g)}.’
- £o}
wi th /4(;)"-'—11‘!_2,[2 m»/“f% = %1 = jof

‘
or /“(E)”'ﬂ'-‘lrlgl"" ~ M= =
|
(oL id)

fole: 4'0) =M is G-invariant  ( %ig:ulo) =yl % )
is-q;f:o.s‘e G acts M}v on/f'fO) [%(P)ﬂpff'm] = 3'1 ]

and G is campq:f,cannec

=P infinibesimal action is Ehjecﬁm : X;fp) =0 = I=0
[die %’W&D(p) = Aﬁdm (){T(p?) =0 V¢t = omft?)=1 = }’=O]
= O rgular value of p: M—g

-
G’/“-(P) ‘"]Fn "“’,9 surj, Vps/u-'fa) Since

}e(;;. a}u@))'l' & <4‘¢{F')V’3'?§#.O Vye‘[;/q
]
XP=0 & w(X({,v)=0 '




= /;'(O) cM ise colsotropic Submanifolol of olim = 2n-dmG
rLe'é Ap) == f’i}f'fp) lyeég =G be the orbit éhra?é fae/ox‘?d)-’
o0 = IX(p) 7e9] < T, u'0)

‘l;/z(o) = b c}a{p) ={V€TP{‘|I <d/.(p)v,j’7 =0 erjj
=(T0)” 049, )

3 (T 40 )® = Te@ < Tpu'00) coisatropic

b -

The EJO’&W!:: leaves are the on!ié &’p) , So h;ﬁ'ﬁ))w s o regular

foliation

= /mt},\, '-‘/“% s a sywlokcffc manitold  of olim= af»ﬂ-?&@
M/G nfyhph{’&: gggﬁ's»é*

Nolation: We can shift by any contml constat Teg | g'tg=t Vs
or, qaiu‘h@, fake She gaafl'ﬂnf M/{g[ﬂ ‘¥ /w“%

(=TT ¢ /uﬂfO) —7 MU" H’G em!‘m/.f b a Zdjﬂ'y{k‘(n correrpdménce

i20):={ (p,08)e M Ml | ppr=0 - i), Ap) =) §

g_ﬂn'ou Eﬂn?é /u"(rr) - 53"“"‘ s a:ﬂ"'l' »d Wh
2 — (2 ,[3..2))




Composition with Ac'(0) < MxMig yr e piT0) = A = Phg

s Lo M, lagragisn ~> Lelo) = T (Logo, ) < Mg

pfsf’l

~transverse (¥ L rﬁ/d'fo) cM e 4
- e..-nLcJJa( of L N 0{?) = pnin‘f or ﬂ Gor oA orbite @9)
Ex: R'e€ ~ R =m(Ras™) = RP" <P’

Sﬂ*lc -
wnfmi{':m is transyorre but not embedded ( S™1 = RP” is « dable cr“"")

o/u% O/tﬁa’b = f(X,y)E M=M I#(u)r/ﬂﬁ'ko ) Ff\c)ﬂ‘n‘!y):?“%.j
is always “transvorse’ (since ™ = 4llo) — MY suejedtive. )

and “embedslont” (rfnw Tex) e M um'p’w!fy deter mived by x ),

o TG o 10) = { (pg) e Mty [IxeM: prTa=g]=A,
is Smooth but neither bransverse nor-ambééuf ]

20y % 4i'l0) = f(rruj >, X, T6q) ) lxeM} «— G fbor
M A M

e

J"”-a:. Thop{Fi e ) ={(m BTt CNE 5‘46.]
#'-T[E)TE °};'-'0) - a”"@ ERGISRT))
t
'ZCH//G e 4 ﬂoﬁ)a TF'(ﬁ) cM
\;LP{.N".'.-FG peem

alwoy: transverse , @mbedbled



_ly_g_\(.a_:j Any Lﬂwaﬂh ,Ecl‘!j;s Ly é’k mfau'{iﬂn viﬂm of
a Lo’nmgfan LepM.
£g. Lo Lo @0 o LofZl = Lot 20 = Lop,, =1
Question: Which £ are transveme (&€ embeddad) Composi fions 2

(s hoe LM st Lb'(0) and wilnpm) = £ 2)



Ly - ge—nsra—az-eol Lagranyiah COrr‘&pOna(ances

£,2 c Mz Lagrongian
Suppose £= L2 ity is the tremenn & embersed compari i
with LeM Lagromgian.
Then (wdor varitus compactness and mencbonicity assumpbions)
HF(2,2') = HF(L,7'2")
CE: Mg> £al & [ am'(e)
(Lnt | Gl ]

none e WW lﬂ’b{,n t

CF

:3’:: h#bm:*p‘fc Curves in H/% L mntd })nfamwp‘ul‘ cuner in M

‘w(ﬁ,ﬂ’h’ (Lo 2, £')

(L, fFoel) = (L,7e)
Lep — o
' L 4o g L. i)
'% ﬁ M P% Ea0 M
L Loty



Composition and _intersedtions:
1) LM, LieM , LycMH,  Lagrangian
> (Lela)nl, = L,n (Lol
fxiel. | 3x.el:= (co)eLer] ] x.dt | 3x el (xodeLn]

> unigre Y, b9 Xo ~ Undre
W) 1 Xy

(£ Lools, and L0, are em bedilod.
2.) LC/:’I ,LICM Lyrm’c'un

L}
pEArM M pé

’ L“Ll is transverve if L*L‘rf)AH ie. LAl

2 L5l ={(x0 Ixelal’) = Lal'  finite cef
’ L°Ll is embedded if [..nL’.-"@ o point



Def™: M, M, sympleckic menitolds
e / mm:[r;g ngran’fhn Correspordﬁma from M, 'f:o/‘h )
L
Mo — M.. ts a finite Sequonce _[:F(Lon!-m---;[-u-uu?
of [_a,rm?t'an carr&rfou/haea LTJ-"')I < M:' » M
JJE‘EWH &n qnaﬁr(yr’n} Sequonce f‘L=N° ,N,, .y NH ,)Vg=H,

GF -l)rmffcséc'c mani bo lols .
Locoke

I—Ql LM
Mo"_NO"_"M_"'N:_';--.- — k-r_—”ngMf
o Its dual is the reverced segumece L= (L:‘“...,Li, ).
« The G—éq:c!ara.fc Cz:mporifEOn of gen. [-vyr- corr. Ho-é*ﬁ, }H,E:'Hz

. ) Ll
is the concatenation M,-'-——%Mz | givon ‘l’)’

.!:"""--Lul = (Lo, y ey bk ) Eo, by ck'-t i:i)
with undechying  MaNo,N,... N NeM=N2, Moo Moy Na= M,

Lﬂt Li-! L‘W ‘
MmNy 2o, = N, SN =M, =AY ...-w,,;_,‘-":-“'@';nz

K__/ﬂ\__
L L




h L L
Def™: Tweo &engmfr'zea[ La’r Corresp. M,—M, and M,—M,

are E.quivn.[onf F ther are copnected Ly a seguemce

of ';iood moves . A’b\wd move  takes

{-211 11&;
Mo— o =M= NN~ — M,

Yo Lost Ls e

My— .. =N, ——N, ~. —M

(or vice versa) ) whare L‘.,,'Lue; s trangesefe ool .

Ecample:  M,"=5N, 25N, B35 M,

%

M loplnslas L'lq
P T—

N; """‘"3”;

Homework : Let L L' c MM, be (imple) Lagragion corespomtbcer
If L+ L show thet L ¢L’ as W{c'ad /—o!r- Corrzsp,




We olefine the symplectic category % Ly

-P e dimemrional \

. objec{‘: : (M ﬂd) S)ﬂmfzccém maht'FOM (CWH?'C spordy to e.g. Comp sz/

? marpl.fsms y (Mo ,f'f,) : (gmnfc'ia( [a,mgim Correspondonces Hoﬁémy

modu lo egm.t'w@nm
: Comrmi tion - a,[’elmu'c. as aLwc
cidentity Mo (MM)3 ] =D, cM*M  diagonal

TO CHECK : « composition (s asrociafive,

1 o = (ﬁp“ Oty Elll.) (AMQLN:' az‘lt-li:):-é.
Lo
Lel,= ..~ L

M; e xtend % b a 2-—-¢a,z,‘<?ar)/, (.2. male
mOrle'fm W /&’ {/‘l.,ﬂ,) Q 04&30’7
comPoriﬁon Mor (Mo, M,) = Hlor (MY, ﬁz) Mo (My, M) @ fimctor

PREVIEW ©  Mor(L L) := HF(L,L)
mn M
Ao (Mo, M,)



L5 - generalizeol Floer homology

We will define Floor homology HF(ZL) +or o ol
LazMi™ N2
cyclic correspondence  &£=(L,,, Lm-"-Lt-uk) f;’f
- Mee
of Lagraggion correspondomces [ G0j € N <N Lamen

with wideclying symplectre manitolds — No, N, ..., Moo, Ne=N, .
Ex: (0) LEM3M Lagrangian (eg. graph of symplechmorphism ¢ )
2 L=(L)  with undeclying  Nozl=M
) LL =M Lagrangian submanifolds
~> L= (L L) rf-‘i”:" (wnkelying pt.pt e Mt

(i) _£= L' germtcia{ [.a’rwfan curr&fmﬂe: from M, ko M,
L

=

~> £=(LLT) W (M;? . )
K ...&° Mgs&l ..-Nn_:H,’h;l...N‘,No’f’o

-

(éie) L_-., L_-l gen eraly'z esl iﬂﬂl"ﬂn!fﬂn submonito loly of M
[c’.e. Wn&'am( /.a,r-qnyr'arn corrr;fon&nm from Pt M)

L
~> z :(L L"LJ Pk/”"' \M

— =
R v

i



"Def2 HF (£) =22 i the Morse hamology” (o Le Wetben, Floer)
on the (m&w) path space TP
of the goneralized) symplectic action Furctional A : P — Ry,
Floer complex CF  generabed by critical points of A: P8,
Floer ok facontial O CCF  definedd by ‘cumting’ grodiswt-Flowctines of A

Eloer trajectories

path space
‘!‘_ﬁ
P= {F': (5"1)5! "-:b’x-nj:k) l b’.i’[q']"‘"M ' faf,-.‘(l}.y,-loﬂ esl_'.'-,,,‘i bj-,;..k}

Exl): y<y:l>M , yloel a',(l)eL L L

u N
Yooh = Pt (3ol yil) (5.0, y, ) (]—\"/](

M

L]: %
E ! . ¥ | el D
S R S B ’-Eﬁ
Nn’M: F
[
£¥k w23
oy J;’ N!



fymp[ec{'(c acﬂﬂﬂ_‘_

A’P-——"P'R/m -FEX‘J_OG’P
ke
¥ = -E rin:"‘i*wﬁfs & :[01-Lol) = N

uifo, )=y, illd=y;
(“’jaf')}j:tui e P Vselof)

Ex. 'f‘-)' u‘ . EOII] » Eﬂli],_., M b‘”;‘fl;x gji}i.}"aj'/@'

///// y Y SHORT

ul ") S [ 3=13 = s

[0‘ u ﬂo} :L:E?@r}m E: L L:
s
“l\’-'*:./'.f;

W
LeM oL

wdd A well debined up o {Sw‘m “"‘3'.'.‘53;”:? }

§'w [1] —w !




Ex li)): £=(lo,.,Ly) MNo=Me=pt

.""'\Q?-{’ .!_.v;,u-“éf:, TR | L ™ Y=
//’/ 7 - -~ Yavs
A heels | AL 7
i, 1 i) ul“"‘lﬁ'ﬂi
W, » ) o) [T L 0w Y
N ~ ...

PI:{;“‘L‘"; ;.""'_"""‘[:-]‘E'—'?Nz ? "’M{'—L;M*M .-.._.—L&EE_;F{
Nl x Nl NM’Nl-f
SHORT :
0l

acmm[ca:e-‘ Pc'c fuve __@#%,..,u;) as Mn
s A="-[w" & well detined up %o

{ é W', [ W;:Suloy-=N; | (wis, ), 6P Vses”']




critical PDE-H'£S :

dAty TP —R ( % el ) )
(}_) — _ Izwjtﬁfﬂ,a{ma]) dt Gj—ltl);!:'tﬂ)) ej{;r-:ili,ﬂﬂd?l-quj
d d rw«/%““_‘ >
ELWW‘?’#I))‘MJ) = dz m"ﬁ[}m ‘mf_(s o )
2— W (Fpuey, Qu;) dsdt

S by af s=£20

yc b A & i) T=-0 V7 & Jy=0Y,
= GAA = {p.-' (o) € N | (ps, ) € Ljy; Vielk J
=N ; W‘W I:hél’.ﬂ'cﬁbn

E___”-(f : Tuk A "E(P‘af’:l’t)e f{"ﬁ*?é |Q’*:PJ el , {?:F‘)E‘Ll ] =La L
ie. pel.  1e.pel



L6 — generalizeaﬁ Floer homology ~ Lrajectorics
Lig
L= (Lo, Lig,ilgye)  Cyclic correspondence  teuati—h
%
Ly; N *N;  Lagraggion correspordonces Mg -
No, Ny Nm. Nf'% Sympkcﬁ‘c manitoldls

g0J

Liij
.-,o:g.'f. - R/ et

critical points  of A : P={(y; bJIN;)
A

Jel.

tid A = {ye P | dAlpE =-2 afw,-{g,.m,a,,a;}de =0 ¥pet9)

= {P':(F”"-:Pi‘h) € N,".,.J‘Ngl (Pi-iypi) € Z‘U'*-f}j VJ.",-J‘ }

= ) é Wﬁ;@{ inbecsection

Ex.): m}g"{(p‘,?,pﬂé ’{*M"pé |(ﬂ:ipJ5L ! f?,fﬂﬁi-l } ¥ Lol
ie. pel Le.pel’

Ex.: L= (gapl ), yelmp () ~ GEA=f(pap)egrp] & T

_E“ ) /QM{ : ”qui“" with each Camfon&.'! ﬁ i P |
u 2 p; €N} constent A

L pea

Def®: Floor homology HF (&)= /A

CF(;) L= @ 2 <pr Lemi ﬂte L'.i-{:"hff!!
B 2w (ammg oL i)

‘b - CF>CF  definet 5); “unting’ Floer i‘mjccfa—ic.r
Yo le éflha(



ngfe‘“t" To Jetq‘ne VA , Fix a mebric on [
For j=1.k Pick :L w, -campn‘liue almest com,afw structure

-1

[ T M5l TM)  smooth (bt ok necestarily v3=0)

Uz" -Td ; 330‘.3’) = @(X,3Y) is a metric on M
(ie. Symme tric | positive ckfini k)

L ‘ﬂ‘_{’." The space D'F fm:’r J i I‘?Mﬁvipl{)f,ro)ffrlﬂ{dé g

Li-metric on P - 3, pel, P (h! Timi EP(K,?TM') with Tly.,; CM!M:J

k
<F.p> = E;: f 95, (5it0, gyth) d
1 g ! Vfﬁi@
<3, 744> = dAE T =3 § (50, 2q50) db =2, g5 0, ) d )

> vAlY) = Hpdey = (j,;(a:)&aﬁ)jm_u

Nobe: A camnot really be viewed as vector Ficld on P.
For VA(y) €T, P the linearized conditions in Ex.(i) are
Iyt y@) € Tpp L ) Iyen)ytie Tyl (i.c. lyra) LT, chi),LTZ')
but o geeral yeD only slishes ywel ,ymel' L)%i
We can stil try to study bhe Flow lines of VA on the subsef
{ye® | AT ®)



nc’u.ﬁ've- m{&n‘ Flow lcnes: R: R — P , "i'_{g = - ‘?AQ{)
ie. B : R —> '&N(Co,lj,h{;), a‘%:zj(s) = —ji(?jfsl);.;?jﬁJ o [0,] Yie R

(R, o) €Liai VioiVoclt

Mote: T¢ y=p() is a pint 01 a o grodent Elowline 7 (05] =@
(in E.tir)  thon  Tf) sty )= ,.%vzcmlm € Tl
Ctnce S+ pl|,,, is apathin L
Howeesr, the rey.gradiont €l equation is still not wel posent.
For existomce wouldl need P'=[ye® |WlpeT, #] ot lewt complote.
If we ke o comphtion Ph= e SWTma,4;) then for ye®’
te gradint again is ot recawily o tongm Vector - for wnalybic revion:

k
VAly) = Joy =& vah O0'T)  wheess 'l;@’ce W),

Conlor-' Zthrwtdr .ﬂaw +his éy m’t’ry a G{Mé n'u‘é':'c ‘DMM P/f.
Floer got inspired b), Gromov and potical that Ehe
Lz- yrac{ieu{ ﬂaw lines oaure Mmorp‘ic Curves.



Floer trajectories : view dip +vA(g)=0

as PDE g,g-rgfslaty. =0  for wish = () l€)

I

u=();.0 O +J;u) deu; =0 on R0 Y
k;: R=Lo, ] —N; (up, ), ujs,00) € Lu‘-uj Vse R Vil k
* trivial solutions : Ulish=p € n_;."f_'

'R'J)'mu‘ir,v-' if u is asolution thon 50 is (6'*_1-5)(:,{)== w(€ s, t)
for ony '€ R.

}

CF(;) 2= @ z <p> (a.s.rum'g n_o_f (s f:‘m‘k)

pEtXA
[

0 {cnear gmd
depypi= > 41:{5._ e Qﬁ € (R~2,], M) f ®, Lim !é(s.-)=g¢}
£ cBiA ™ sate  __L—

R-translation
55‘?}1’0( count of Efaéé@/ﬁquceﬂﬂ-“ from p-top,

(G’H T ry trenrversal} i CGMfoWE P et )
=0 F moa’nif.rfm IJ/R has | dimension >0

To Be Ditinet



X. (0):

SHORT :

MmN
picture this as f»bmorpln‘c strip

e

s
7

B u:Rx[g] —=M
S— wis)=us,0)
=T ﬁ-‘:ﬂuts,-) =Ps 6 ey
P
Lo
T e e e
I\ =
1 f{ \ e 7 /’



[ A — 9ener—a.l£aea(. Floer homoﬁogy - c?u,l'lfs

L= (Lor,Lia,iLyye)  cyclic correspondence  Lua N
Ll‘,l'd}j < N,‘:; KNJ- Lﬂirﬂryﬂ?n fﬁrrﬂmﬂm :‘k‘i:"M_‘ - ‘
No. N, yoo- .Nl:.-h Nk“% S)ﬁnpbcﬁ'c mam‘ﬁﬁ:

F(oercompkﬂ CF(£) s ga-zemfa(. by

thAZ 0 L = {p=(p.,i™ e Moobh| (prapp) €Ly VoLt ]
Floor di€eyemtial 9: CF'(:_{)—bCF@ ts defined 5}, "c-amff_-? "

(mod [ isolated) Floer fra_iecéories :

{ as"-"-j *‘ijuj)g{-u; =0 on R=00,0) V¥

.lé.: (uJ);*.“'lk
u; : R=Lo,11 —N; (1 (s,), ujts,00) € Lﬁ " VseR Vi<l .k

FPOEE-‘ Ah/v F[o&— 'frajccfary 173 lv(.-!q 'Ptlm*ée m
X
E(!«!.)’= %T ,‘i&'auj*aa < oo COW; (m fia @)
b some jf € n é , L, Uy fs,tjw p}" uaffoml, inZ.

Proof ' E(W=S S Busdiy = S 1ol =5 § (Rl



aeneyd.( Eicém of U as ;’ofomorpﬁl'c ?u:'f'é for HF(£)

Ly
£: 1
ltg______
TNy
ifl__’!’ T ~
ar el |\
{ - .
No=Mp o - |
/ £ —l 9'1-
"‘_"—';;r KA.
Wey o
EK-&EI:) NQ"MIP{' A
Lq ot La«)k

- CF(£) s WM 6y “constant -‘-}uiffsu uspend
(each patch u;=p;elN; is a constant map )
< QCCFIZ) counts nonconstant holomorphic guilts (mod R)

mnncoﬁry (Jt!WM"J f:n&’.ﬁ!cf('aﬂ fﬂfﬂ‘f Pﬂg gn;f
Note: A Floer trajectory m‘éh#r-!éff V=ps hos exvgy / C;_:#.- /

Elw)= §uew =(-Ivw + S(ueyo )= Alp.)-Ale,) .




A u'e.rm,éivz / ucfes.rc'cql‘ Jelq'm'ftbn
‘I M: is the S‘ymr[&cél'c Floer }wmo[o;)t [,), [ Floer]

< ofg .

Ex.iy For L,L'eM HF (£=(L1Y) = HF(,L)
(s the La;r-nn;mn F/aarfvomo(oa/y by [Fioa-, 04 ]

Ex) For Lolloelyan) with =N, =pt
¢ HE(2)= HF (LoLo» . Liene » Ay *00>-*Ay,)

by folding i mitlle of ench strip - #;‘v*'«
u;- ReloJ=(,3) ~+ lse)=0,6 %) R (N,T) ,g" sAE
Vil 8= t(s, 1-%)  Reloa ] » (M, -],)
= (v, e 15,0) = (5,0, w, g DualG0), .. ) e Lorlyr. %
(V) (5 0= (i Bl ), ) € A Lol Mgy | BBy,

. B,y -PaHiry ufevw}r ceam :
HF (Lol“Lzs""-rLfi.m-tl ’L:ﬂr " L(h-uk} i k even
S————— | e
HF (L"' Loy ... *L,,,__,,k ] lz’ 3‘:““-’ Lﬂ-ﬂ)fbﬂ] i k odit
e e’

HFiz)=

all Laprempian Submonifolds of N xNy=...<x M.,

Y (5,0) = {1,150 2 L1, Us5, 0),.. ) € Ly ¥ Ly

"/12..1\‘5 IJ‘EJ 41 VE._,' {r(‘cr:] il LI'-—;’_J{SJ j—t) : sR,fIDrij _VJPI:.MJ.f-j‘lJ) 7 E'nrf.-!]:{u,“rnf{,tz,{ﬂﬂ), .. T.l S L'I_uz =



th mgm,i
o HE(£)= HF (Loplr. Lo, B)  for

A= 7( Ay By Ay AN‘) 5 T Mo x Ny = No= W2l
(Putes - oPr i) {‘fu,ﬁ, PR, P;)

HF (L, *La *"'ch'*-m—ll T(Lia *lay..n Lfiwk)} ik even

oY Fg) = {
HF (Loy=Lay *...x Ly I'T(Ll?.*!‘-‘\"r:'"n Lu-eJH‘QVJ" k ot

A For odd k wefold the N-strip in the middle , but not the
others. Sp in order to obtain one strip (of width 1) in the prodact
manimcﬂu ; e heeo( b réwf’ from a ?mﬁ L; : R={0,1] —#M INLIN'Z|

W : R<L0,2] = N
containing strips of differst vridéhs.

Ex. k=3
L23 Uy
fold
7% Sy,
2
log W Liz =
d 23
/v Rld
g L‘: > g i -rS’ErEP tn ”.””g'”;"”s
r Lalod_a with bousdery conditions
Lm .,.__H.u....;L"' i.n T(Lo;"i-;g)

L—u" ﬂys



We will hece define the “qui&d F{owkomobg/” HF () L),
aubwina any wid ths d =(d; J;_,,"ke‘ (ﬂ,p)k and counting the

Floer 'ﬁraj ectories
u= (u'i);ﬂ..g as“-j +7J; (w;) atuj =0 o R*00d] b{.
u; : R={0, 51— N; (Hj,,(f,é}_).ujff. o)) € Ln'—uj Voe R Vicl.k

g s Et
Note : (Rx[0,6, ju) ~ (R¥[0,7, jus) is biholomorphc,

(s,£) — (d:-:-' a't)

}wnc& the hﬂ’a& spaces of holomorp‘l& dices of 0’1&’#;‘ widths can be
tdartified.

The moduli spase of holomorphic qui tbed strips with oiformt widéhs
Cﬂhﬂﬂ& LG [&*l‘ﬁeﬂf; Since mk l\' M, I_| .hl
I‘tsr:a&':?bic strips d:;[-ypy_r He pais AT r// ‘LT-——I* Y
Seam condition :

If [u“u;} satisfies (u,{s, N, uz(i,ﬂ)) EL,; Vs '£AGVI 5*{!&,1‘;} 3’(“5;"’1)

6: (S'rﬂjlslaé’l} e Cg”%ﬁd:fsz.lé:rfzjl

satistes (v.(s, I),Vz(&s,ﬁ)) EL,,z Vs , but the seom condition cg
ils,0 vals,0)) el,, Vs, This resceling preseres the seam cond bion

aﬂly for Cﬂfmpmw L13=L,*Lz of fpﬁ'é Jorm LeM, LeM; .



[ € — qu,iéz’:eol Floer homoéogy

L= (Q.,L.,,...,L&_ﬂt) cyclic correspondence Loy Mt Nz\,
Ly; N *N;  Lagraggion correspordonces Y"‘c;‘:&m‘ |-
No, Ny Moa, Ni=N, symplectc manitolds
Construction of quilted Floer ham[qu HF(&£)
(D Choese Hamiltonians H=(H;) € ,é, E(N,R)  such thet
(Lm"[-rz"“-“z-cwu) 0 ’r'(r%."---’r#”k} e NaNKx...xN,
where  grdy SNxN is the tine |-flow of the Homillonian vector field X, =T vH

g0J

Gﬂd r: N‘ ‘M*'-"MZM-_y NBRM“M{"' XM f fxa;%:---;xt.'fk)H(Yt;x':}'; X*J.

Prop™: Such H ewist and pakethe pacbuced gamorlised intorcection
a Finite set.
Ny ==fg=(p,,...,p{°)EM*--‘M l(*u;.,fPi-f),Pj)du-uj Vi}
Lo Qo M)y | =X | (el 00 Ly ViJ =
% (L Lam.e Luge) el groux.ogrdy) = O ()

tmr;isrfﬂ'*&f- intazection of Pﬂvﬁ'\-ﬂk‘fﬂ' L&? retng Lang

— CFEH)= @ Bepr o fnbel grrstel compl

$e nﬁ-i' h;r ¥ (with eriembutions for /ﬂo:lkr)



@ CAQOSE. s‘f‘n,p widths _A:=(5;,..,&) € (Olnﬁ)k and (3?2.
For ﬁenﬂi define a Banach manifold !:‘ g il
Biggg) =fulwmw j< & @ wf RLog],N;) |

o
N,

g5
(0 wils,8) =32, ¥, ("53):‘&?(?;} unformly Yt€[0,d;) Vi=1.k

(@) (ujals0,uits0) € L, VseR Vi0.k  (uith ui=w)
and a Banach bundle E—> BlLg,et) with Fibers
g, = & (RG], uf THG).

@) Choose a "t-depondont it almort complen struchwe’ J = (T;)..,
J; € €7(00,8;), 6 (TN,)) , wine cach Fitt) is an @;-compatible. almort compbe st toe.
Prop® 3=3,, s Blz giet) —E | w H(qu;—rj,,-(&u,—-a;-"xuil ),n.-.:"a

is a Fredholm section (r:‘-m.f,{‘l;“é‘”ETT;@ —~E, Fredhlm Vi )

wing & ommeshion| | E Ty BrEa Ypes,
Thee exists J such that B is transverse bo the Oseckion Vp*eny 2,
2. Du=(Tud) surjective Yued0).
=2 Mgt )= ?70) < BlZgg)

function thm
is @ smooth manifold of (ocal dimension

M= dlim( e of . in M) = irdesc Dy = dhin Ko D



Imfe.u [4 gne;;i

eneqgy © ML, gt B.4.3) — [0,00)
*Elw:= %I:S |l =Z §ej(Bu;, 3= G%,) (w(-,xn)*-d’H)
-2 Suray + dlurtaiie) < Z Sure; + 2 (Hon-Him)
is debermined by p* up to Lﬁt@”
{I Vre = Thty [ viseDod N | (vgs. utoe g |
o index : M2yt BITD) — N, is debeemined by p* up to
{ Tpertor () | viiS<l0ds Ny | (st vtoe Ly | = Ny #

(/
2 e i T

S'— Zag (TN TN ing trivializations
re,_: cN uﬂz IQ*TM vy

JPPRE m(%{f”))—n—'bz- is the Maslov index
(MeOulE-Salaman, Yo boSymp. Top. , 572.3]

M onofﬁmbi'i-y As:um_pi'cbn

3t20 st jz'__w_ = T- Llwﬂ(-lf) V_g‘ as above

(For a#fwé#:& o inpartioder each N; avd each Lﬁ-oj is T-mnv[uu_-.)



[.9 - qu,rlléeol Floer Bomology

Construction of HA( L) for & QYEELGMW: Choose
rapular Hamilbonions M., strip widths 3, regular alhad amplc stroctures
We defined C(F}(,é,ﬂ) ==3§nﬂg 2, <p>

and will dkfine 3 from the moduli spaces ML, g p4 H,I,])
b uts0) = B (ph) , Ele) oo
=1 we @ W RDEIN;) |4, 650.5600) €L,

as“.i*':l'(&e“a"ai-lxﬂs) =0

2
l

¢k
with enor,y E[E)'—"- EZ S ; iggujl?-"' |3¢u5'-5,-"><n,-

" Relo,d;

Reaark: Rescaling W;lit):= (s, Git) idombifies M with a modli spce of
Vg hic' qui
(d5;7'3;)- holomorphic qmﬂ:s é;phqts’zjg ¢’:{P3t) | Ei (w)<eo
k
{g X W, (R=o, 13,N;) (W Gs,1),wit5,0)) € Ly j

ash’j + d;H} :]l'(ag'h’;"xﬂi) =0

.k
with energy E{fﬁ)f- Eg-

y ] =] 4
i muzo.ug‘iamﬂ + d; opw;~Xu;|  dsde

For n.sir?le.ﬁ'rip w=(u:R<[II=>N) as in ‘clocsical” HF(LL') or HFly)

the mﬂ(n[i Spaces Yor widkh J gad width 1 gre cdedtified fsy wist):=wu(ds,d ¢).



Assume monotonicity - SM‘,&J__ =T I;,,,b.,(._lc) Vy:s'— 7P
(with rac?; ]

Let NzeN e the gomortor of Elygn (vl <Z.

Fix o basepoint y,e it A=yl in each comerfer componet of

P= [ x=(x;: 00N, | Lygy andibions] thet bag 0 cvid.pl. . Then we have
© S-valued action A, P — Bz | v -fp'% - Hiy)

k 1
c Hy =2 SHlgerdt (i jiox, de SHGp)=dH)-a06x)=0)

’ _2‘-(0,!]—3'? PcHa fromy, to y

Le. g: (?J :<lo) = NJ')

@ 2”.& -gruaft'nj on CF(ZL.H)
_ (ﬂj'yo
I{.p_'ﬁl = I{‘ﬁuiﬂl’ (_@) +-°"' ‘g"[ocf:]"‘@ .22('}#%;# Engé

NOT IN LECTURE] A AR
{ Fld g to 7 oD-G0x) = Nobkpnobl ¢ % : ok i 3
ij'lh efste)ﬁ(ﬁxrd‘n4’7‘8%3'_:4;:1"1:{*)(%&#)) ':é //f‘% gfh / ;?
= K 3 A

induces 2 paths of Lq,m'll'ﬂn subspaces that are transverse at the ends
oot Thow-xLyne) , lee, T lprtygr ) 0] — Zagly Tt . h))

\ (IS trivielize
These havea Maslov indese [Robbin ~Salamon ), v




Energy and_index (dbrtities
Viee M(g,e") Elu)= A,(g) - Aulp*) mod TNg
indoe Du = [[=1E [ mod Ny
= Elu) = T idexDy, + Cgpr

* Ay +rip - ﬂﬂfg‘l-'ﬂg*l)
f{.ﬂ}y Syme pa s o Jf”,g‘L e T

IR"SAEH' W Geuw = (u(64ee,-)) maps M _to M VeeR

=> (Qu;) &,ﬂw])&ﬂt_.ﬁ = index Dg?' unless _b,l:-_p“=p* R*t'ntl?dwfbsé
(s Elu) =0, index Dy =0)

® R acls propecly discontinuously on fueH |ivder D, 2 l}
(_l«e_.tannof: be poriodic in sel since (¢ 5(5)‘{Z§19;u3|3 < oo )
= For k20 Mlgp) ={ueMlz,fg,1.5,3) | imbu Dy = kel J

(s a smooth manctold of dimension K

Thm (Gromov COM_LM (Boriontations from ‘relebive fpin struckine”)

Aﬁaw‘? hmofam::'& and N3z 22 (09 Lysy; oriswted )

and for (i) minimel Maslov Nj, 23 for diks (D,30) (NN, Ly)

(@) /ﬂo(f ,g“’) ts compact (€ oriental MU )= iﬂ)



dorienbed),
(i) M (ﬁh; £+) can be mmpacfi Fied o a Vl-manitold M (g, E"’) with

Eanhdary 3/’2’&'}94) = ‘?'%‘i/ko(ﬁ}j) "’4("(3., M) ‘brokan Em_,'ecéuries"

¥ 7
mlff,ﬂtlﬁn:’ as in Morse i’hcw); / 4’\/{@};‘\‘:

——i Mg.g")

" Proof of co_n?aofmsm Ahy Sequence EVEA[*(Q',,‘;' ) of bounded enoryy

Eflf')="'(k”)"'cfm" has a cmmrr( I«Jasegwm wﬁcﬁ

B

£ RN

0) energy escapes fo £oo W } al
“brza.b'r’d: 'ﬂny'ec.i‘oryh l 2{ “;% ! t l
e . e
£
Arpo0 f%

(b) energy concentrutes at a-pain?'-"* a f 1
“Lubbll'ry of" l f: [ T;*;
In the image, a sp}w SN, or disz (DI = NN, Ly;) Forms.

Onthe domin, L1 convages on e complament of te point(s) * | and
the s‘t?ulm'{-/ con be romoved to obfain a new solubion u'e Hlgipt)
with less enogy =2 chy less index

(i) new index € 1-Ng <O = .?:‘lu' =5 no bnb&ﬂ‘ry

(it) new index < 2- N‘u-n; <Q = .ﬂu = po bu“ky g



Define O :CF-~CF by Bepr=X (=, ol | cpv
pren, g \ e @ien)
e, or Z with oriemtations

bhon  Seg> = T T (5, g p) <pr = O
P \j'_.--——"*-f’_ S ~
=#9 s (g1g") =0

Thm: Floer {co)f-mmo[oay groups HF(£):= ‘L’%g are independant
of the chocce of H, d., 3 ; up to lromorphism.



[ 10 — qu,iééeol Floer homoéogy - tnvariance

Thm (Gromoy comgect’*ag.rﬂ £ monotone C}\:{t‘c correspondence.
@ M (g) is compact ¥ Nyr2 (=1, >2)
(i) M (ﬂq, £*) is com £ nu to breaking of trajectories’ it N, 73
Pd.b P f? J Ly i)
M\’ Aﬂy Sequence quMk(p',g‘ ) hes bounded enovgy E() = tlktl) +Cgrpn

(nolex Dﬁ"’

ol o (! My_f;;l) has a convegenf subsequoree unless

- & J f l weMm (g, ot
. | g0 | wely,g*)
(@) energy escapes to *oo | L ..;::7 1 o
"bmk.'? of trajectory” ‘\;’ r vemlg, g)
¥ &
(i):¥ or w har index O index DE'V = index ﬁ.‘f + indes D..".'.’
Emmhi’ has no endrgy (i) : 2 = { « |

[ rescq ling Aicer 2 gives
(0) energy concamtrates af poentils) *

weapaandal] [P [0S
hibleg o I § A
iﬂ the tmage , a SPM SI—HVJ- or azt's: (Dz,aj)")—-pw;uM' Lﬂ-ﬂj) ‘grms_

Onthe Jomin, PETA conveges on tkcarpﬁmmhp the point(s) x , and

the ergu{yé'l?v con be removed to obtain a e solubion u'e A pt)

with ”Lg-g__mg mﬂ? less index

E =T Ind + ot o



(i) new index € 1-Ng <0 = ﬂue' = no B«b&&'ﬂy
(t) hew index < 2- Nlﬁ-ﬂj <Q = juj = no bkﬁuﬂg "

To eshblich IGp) = U Mg, 9) ~#l3,p")

genyd
it remains fo prove a / %}\J
€£u.',? theorem:
3 -B‘}

There exist embcddings 1,

LS AT Ry

State | (Re) < A (gpt) |
for each ([v),[w)) €$U m (g, g) k/}t”f.ghe"')
* with ah;_,oml: Lmages

* such that /Pﬂ‘(e’, )N U »"Sl:!],[!ﬂ (s Campoc.c-{'
" Pr;goflq some rpre in  L[Salamon, lectures.. , §3.3])
. prec?[ut'né : define ya#,w G'B(é,p",g*) by im‘:&'pofdéfnj

V(4R:) and wl--R,") | then D y#ew = small

]
'l-'rnffit.r:f function theorem }ims a,nearb)/ Zero :55'2 LR = 0
(i:m.m( on estimates for ‘Dﬁh{)

: [T

nn
|



Thm: Floer {co)homoloa‘y groups HF(Z):= ‘6""3/,;"3 are independant
of the cAo;.‘ce of H, é—* J ; ap to r.}omc-p‘:.hw.

W

Pran“!- Comfruc.l{'l'ﬂﬂ OF iromorp}xlm HF{;,I—_{,E,J)%HF(_:_{,HL{:Q')

) Define B,:CF(Z,H) — CF(Z,H") | prZ #/;??P..B'] <p'>
F'englé

From O-dim. moduli Space M (_-r'J_-’, Q, Q,B‘) of holomorphic yut'[\-‘.l‘
B ettt * indos O
£ a Loy [} * no R- S‘)rnmefr)r
J.-f.- i. _.E*‘-I‘L';JF' _!_"!_'-Ls"!‘ - L “
=y QP(‘L "t’u[ﬂ‘r Q
-{;Hig R .é-.; H‘:.:_’l
Q "i.nbeo\-Folah:‘“

i) Pa is a chain homomeorphism $q 2 =2'@, "because
we con evclude Lnu{ﬂy ard akefaafiﬁr /}:Yé Q2 'p,") with bonmé;y
U Al « ML Q) v U HBQ o MHZHT S ¢
gen!g qHa;é‘iE!.?-) /n(Z;Qng,g) v .ﬂ'ﬁﬂﬂif QFQJEIS-) (...l.-:.-lsrlg-lﬁ')
gnolex i + O

o 0 + 1 =]

Hence Bo descond bo @ map HBy: HF(Z,H,J,3) ~HF(L,H!TIT').



i) Similarly construct HSy: HFIZ,H\J,T) —HF(Z,H,J,] ), then
* H®q°H®q = HE 4 C HFILH,F,3)

nbecgwg. comi{'ian is y{w.. L)f y!m'nyn

- ’-r-* - s

N B o e s |

S e e o B
-—f—"h- —-""-"—

/Ran,p,P') "/n (Q,Q',q) => M (Q*ual ! P-;ﬁ)

(¥, ) ______5 ﬁmpktf‘ Cunclion €heorsm
preg m.n’ Vatpw -
for Foced Large R

*H § a H6@o m Q*Q is ;nmﬁyic Yo trivial fm'tﬁ' Qr (dH3)

(see tin)

. H‘ﬁa,"'mcpt:.u) Since ﬁofz,Qo,g,q_) has an R-action
=> solutions bave indexs| exept for constant strips

SH#M(pg) = d, > &=

&4



(iv) A "homotopy  (Qs); gy oF quells with Fied ends (H,d;,2:) i=42
defines o chain homotepy equivalonce T:CFIZH,)->CFEH)
G- Fay= 3T ¢ To0,  ths HRy=HE HFIZH,..) ~HFEZH,..)
We consteuct Tepp = Z #M (2,003, 01,0.) <2
from the index ke-] modull spaces
A2 803 0,0.)=1 (5,10) |selan, we (2,05, 0, 04)]

(indesc Dy =k)
The idﬂnﬁ!}l follows from /ﬁa hﬂ'vuy

o true boundery M (Q) v AQ) = f'”
/ ' SR
\___

* endls (>compackified boundory) — s
M(.Ht-- B ‘%)x/ﬁ"'(m‘}?% ,f'.z) v /E"{{Q,}l‘g, ;Qg) "/’f{ﬂzm' g,_..ﬂz)
Lndlex: i +« -1 or -1 + 1 =0

™™

for (afew) more debacls see [Salamn,lectureron F.H.,fS.‘-t.]



&.U ..... .‘.‘.._..qugr_.'_lﬁeﬂL..Ef,oc.r:_bnamﬁogy.-ﬁ._.geamctm'c..campmi£:]a._

te Title 2f25f2008

Thm: HF(Z) is independent of H,J, 7 .
"Proof . [Salamwn,leckuceron FH, 53.4.]  [Schwars, Morse Homa logy ]
5:35 Counti? Lolomorrhfc quilts ML, Q,p,p') for regular '9«:'!.1’: data” Q

semman . intecpolating (£,4,3) fo (SH!3)
SE W | ’
Lz3 = defines a map
Hay: HF(2H3) = HF(£,H.4)3)

Similarly construct Wdy: HFZ,H\JT) —HF(Z,H,3,] ), then
i) Hea*HEq = HE, 4 C HF(£H,F,3)
"becawe composition is given by gluing"
o s D o o e A B
meae?™ " T | e
MR .00 <M, g) ==> F(QaQ, p,3)

(¥, ) — /?m.uk‘a‘é Gunclion theorse
preg’atiﬂ; Vihw .
for Foced Large R




@ H é&#dz H&QO ﬁLecnu:‘ Q“’QI is ,'lom{’npic to trivial ?m'ff' Q,=(§t!;_f,j_)

- ‘-.ﬂ-- r—— - — - - -
o =

__-.—,_—w——
T
Qr

e

:uWLQJ;Q.l;;ﬂ—r—_i P s i e Sl

(v) Hé@f IdCFl'i.u) since ﬁafé,Qo,p.g_} has an R-action

= solutions are indes2| or Constant strip g#ﬁ'tp,g} zd-’“ 2 ¢=Id

@ A ‘komoéopy (Qr)w:o.n of ?m'lés" with fixed ends (H,d::) ,c=k2
defines a chain 50:»015@, eqm‘ valence T:CF@,H,)-‘J CF@,_’:{J
=&, = 00T + Tod, , thus Hip=HF HF(LH,.) ~HFEH,.)
We construct T"pp ==£ #/}?-I(IJQJ,F;,gJ <f2>
from the indes k=-] modull spaces
ﬁk@:{at;rﬂuﬂz) :={(T1 ) lte[ol ], ue /ﬁk(glan -2 )j

p , lindex De=k)
The Iafmﬁ'f)r follows *rom /ﬁ hnw:ry
- true boundary M (Q) v A(Q) i% ""‘
* endls (> compackified boundbry) —— s

9o

M(H,.. 2, ,g.)"/ﬁ'*(ZQJ 12 ,pz) v ﬁ"(i@,l,g, (9,) M1 H,.., g,_,g..)

Lnder 1 + -1 or -4 + 1 =0



Thr [W-Woodvard] : é”é' equt'mfanf cyclic Corres pondences

= HF(&) = HF(é’) E:omorpl)f (M’Méib Sequonce OF
o e from 2 do 2').

LDrEumM for a #ﬂd move .;i": ( Lti*f'.'i lz‘fﬁﬂ'&l"‘ )
‘fig ( LU'“:' oLiu‘m l "')

treasrarse £ em begbleal

define HFIZ)=3 HE(L")

b)z Counﬁrg ‘?u_{@{_'ﬂ_ e

- e s o

nb&* cannok Mﬁ-h
Sense of % ..

INSTEAD : Define @:CF(Z,u)-=>CF(£,H!) from a canonical
isomarphism (gL > L | (Por-praypi pioe -pi) (P~ iy )
“ choose Y regulae for £ (than H=(-H, H;=0,H},...) is regubr for &£
Lo<.. Lgni®Ligey - Laae Tl A5x4, ...)
Lo*.. Lgsi*Ligey ~ Laax D Tl 8520, A,...)

T ETU A B Dy i DibA CNP*N;  wince Lggplye | is frensveres

iynj® Li G#) em beded

y—

has a unigre p; eNj with (?{p‘-_l),p;)é‘{,n,_m- : (PJ‘,PJH)GLJ'Q-W

° nﬂé a8 nﬂ’;' is L:jcc‘ffm since [?{Pj..),i’m) EL




CLear(y, Ged”= I =G o, but we need to show that & desconds

to homoloyy HE: HF(£) > HFIZ'), ie. 3=3"on CFig)= CFLE).

* Fix regular H,3,2 for 2, then H=(H,.. H;=0.),
S:=(8 .. &=e ..) , J= (3T} .. 0= some fined JEbad (THS) ...)
is reyulase for 2 for all €20 sufliciently small.

* For £20 suflsmll there is a (oviented) bijection
M(2HE g pt) = HZH.S,D, 8, d(eh)

Coro uarx= We can de€ine grc-up.s of Z-mo:—f:frérmr in the
Symp kcf:’c mfgﬂfy %yu : For ﬂo,ﬁ,edﬁ Cf)rmpf.»wﬁ".r)
anol [é-.];[g'l 6%" (Mo,ﬂa% (M"'&“‘( wmp’”&"“ Ha "’M:)
(DI := HE (L#(L)E)  is woll ofinedl |

Ak
“w

”ﬂk M,
er &

D3



L.]2 - PSBuJo}la[Omarphc'c qu.f[f's

% _LO_"/(;'; o Tl

L
f B a. ~T— Df
HF(£,.8.)= HF(2,.g')  HF(L, L) HF(LoLe Lo le)  HF(LL)BHF(L' L")
= HE(L,L")
Def?: A w‘éi’&d surface §_=((§&},(Ege).( Jk)i (Ene), (J}.,)..J’,(qﬂ.-})

consists of

@ PaZcZes : (Se).- e

Surﬁtr,es' with s{np-&ke cm/.r

In

Q) .‘S_k Goﬂuo'lf Ricmann surface with Boufrtfeifz

Et = 5:+U 5:- ) E:= E?u E;' fincte sets

E&ie 35; Vcestf Zie € i‘?&i ngi distinct marked 'po:'ntls

D) o conple structure on = S~ (e lecBv

o) strip-like ends &, R D8I S  ec €, vidth Gu>0

RExS <> ce &

'd&jcini' tmages
* (20, ) =2, g.(:,01)) cOF
* Exe Jg = L stendord complox struckwe on IR*R =C (sl‘m/é')



F (50)—=(g,d")

Seams % o
Ix ~ | f | o SN e
% S, ( Sa « = gpe_ E € e

——N— i T E={D, @I J

g T S (54) 2 G0)

®
d S collection of pairwise disjoirt 2-elemsnt subsets

e=fk DKL)} = U 4 (05 fealec2i ]
Is, s commedhenl componmits 2 Ror S’
b) for each 6€ 3 a difomorphism g+ I > I
& compatible with shrip-like erds ( (e, gty (5,000 (s, a;,.))

or (5,8, (s,0)

@ Various orderings (for orientations)

Def?: The boundary of S s
B:= Oﬂc’j*‘ TT,(QQ\{'E,KICG&U) ~ Ues

k= €el
It indexes the true Bm.mdary Campomf‘r b= (k,, L) .

t
Eififf‘ﬂﬁ} he RorS'

s P
.

b={¢,[=R)



Def’: The ends of S are e E(S)=E(5)u E1s)
gl:Wn Ly maximal sequences € = (kt‘sz'lq;.e.-)ﬂl--ﬂ of

bed points 2, €T, idmibified by seams &;={(ki,I),(ky,I},)
marked po S, idetified by seams h e 1 )

(c‘.e Ye; () = 20, ) &
__ﬁi: [1,'3',]
u,-;) 2 < S (Stxrm Q) e mupk
(Ouécgrrréﬁ)
=2 ngncye g‘ —ﬁ\__“!; (1 Y

(incoming
Mok - B}/ c:omfuﬁ&“yoic Seams with stig-lille endr, all marked points

3-—»2,,.

in gn end & are eibho- éncw?(ge‘:ﬂﬁ) or oufyot'? (e<E's).
*Ends can be - interior c= (k: Zpe € g’:\af“} without seems

- cycl'.is : with seam G‘;ﬁ{{ky,zl.“c').(ki,gl,,c.]}

- nOncyc.fl.'c . without X
3
<) —
e=(1,2) i’ e= ((f%)[?.‘!a)(lg%‘)) Cydu:
clic
o 7 Y L;J
(3



Symplectic tamets ®r S is o tuwle M=(M)u.n
O'F S}"bpk&éﬂ(ﬁ Mam'{vu,r Mg for each Pqi,{cé Sk .

Lagmgyigg boundar:v_a.nd seam conditions for ( S, ﬁ)

is a collection &-;(L‘h)beﬁ v (LG)G‘GS of

b Lngrar?ian mbwm‘%{a’f LLC-M,‘* 'ﬁr‘ End:; bouna(ar)/ camPOnmf be@,
| Z.a’m'y!'ﬂn corm.rpona(hce: LG-‘: M;ﬁ_" Ml:;. for eec}i seam 6€ f

A gquilt map from S to (M,L85) is a tupl L=(tu)...
of maps Ly : oM sufisfyimg
+ Lagrangian boundory conditions  wu(T) e Ly  Vbelo)e®
sLagrangian seam conditions (Uexyeg)) (Ig) € Lg
V ©6={lk,To), (k5,5)) € 5.
e

7

Fix almarf mpbx strucbures J=(Jy € G (TM,)) , then

W is J-holomerphic i 3.

) 5, W =0 Viel.n .

y
: (dugeje = Jpodu) € 2 (s, 00M,)



Note: LBS associates o c*yc(fc Wm&aaa{ Laypr. Correspon doe
to each end e= (kc.ﬁunca) i N

e e inferior : Lo =08 (oo HombionFlorhomlogy vith O Ly~ Fix fr, )

. e  cyelic  with s 6. 616y : Le= (L@.Lq,...,ﬁ-gﬁ)

+ & noncyclic with seams G,,..,6,, ond boﬂnduz componets by, by

(QAJ& to E"'F' 1 2y,
..ég:(thLsu“'lL‘pHLbﬂ) " )

Thm: For any ‘monatone (ﬂi, ,L.&-f) S induces a relative invariant

B B, HFl2d — 8. HFlzd



I3 - qa..:'U: tnvariants

Thm: S quilted surface. S-uppo.re. (M,L8s) is monotone
(l:-ﬂ- enawr»indcx rc.’m‘:’m Far ak 7&[“ mﬂp u: _S--f‘_l ,g:t'fr{-}c'? é@; cana?‘f:b»;)
Then, thee is @ well definecl “w(a.{l'u-e inﬂminfh

: @ &L R—
s ge £1(5) HF(2¢) Ses HF(ze)
MEM (omorphic
e@ ?_ig.:' — Z #{ifmlﬂ: marr:uh_o.g-oﬁ @ﬁ;
nﬂ é{ y’,,,gnggi i &h!lmlﬂ_!_- Yo+

HF (L., Lor.Lo)

®

HF (Lo,Loy L) 3
\ i/’/’

Bs  (abodepars only, L)
Construction : (c) TForeach end ee&ls)

. 1'.1;]( re wlar H =(H «,c.-J
f 4 I defines
* widths Se are §tvon L}/J‘fnio-ﬁ'b ends niC§ HF(QS-E)

. Flock rcgmlar _:_Jg = (3.;;‘)



This defermines for each end &, R* {E&J;..] <> Se @ unigue
* Hami ltonian Hk e€ ﬁ“({w'?;"]}* Mg)

AR COmpagth almost Complx structure Jee€C o.({m “]f End (TH))
(i) Pick ”iniarpaétffy Hﬂm[[h‘ombnr Jr_(_,= (kteR (S, 27 (M) )k=.' -

Cel ke =He dt o R{0
s &

Ky lys, = 0

and define the vector field velued I-forms Y = (Y, €50(5), M (TMQ)

by com (Ve +) = d*k, e 2 (Sxm).  (Th &2, Yi=X, o)

TG M= T = The
(i) Peck r:#ggfar "t'nfarpo(aﬁry almast c::wpfex structures

J = (3 e (s, JMn))
space oFaly—m-ppefJM alwart cm,aéw shructres
»
" Eke Jk = :Jk,e.

* The Fredholm :eclét'on 5&.1 (s transverse & O

- (quilt mps} — é 2 Se, M)
u = (1&:.,}[01@- Yelunr) —(olm-)ﬁm)-jx)

onends: _ U&..e(“ﬂ( Sty ds ) - (—3,&.;‘ dt )
+(Qytae - X, (w2) ol + Qg - Xy, (i) ol




Consider the moduli spaces of f)o/omor_p&r'c quilts
w:5S—-M smfi.:{yfr? {gﬂ.}! w =0
LBS - condl tions
o finite eneegy E[_@)wé iu,:co,-d(l-lumu} =,1_“Z:${|Juﬂilz

0

near each end e i converges to Ny L.
(kizhnf)lll_}.’ .

!
Y near (Ek«',c.-) is half o Floor ‘f‘mjccfor; (U.k'.-' fR.i" CO.&,-‘,.,]—-PM,‘.)"

so Wy (s, V=%, [0 1A,

(Xh)m.w € ”_J:!, égs

* Gromov compacthess & monoéonacfé)ﬁ
O-dim. moduli spaces are compacé —> Count defines '5.55 on chains
|- dim. modul spaces are carw‘f up fo"enw escapiag off anend”
= X 2
3&«.1? (geg' @_g + & (?5_ )

=2 e descends to faomo[og)r
|



Thm: &, is indepondent of perturbations and only deponds on S

wp bo homotopy ", i.e. Fs is detormined by

* the surfaces S=S5,M2ye) wp to difeomorphism

* lnoming(-) [ 0algoing +) labels on ends

 combinatorial seams S ond oriswietion of seam diffeomoophisms .
Proof: * continuation maps infertwine belween quilt invariants
&; 8y with diffrent end dota (5o, He Je)ecpis) (o He De) ecpcsy

® HF(. &) —22— § HF(.d,.)

T gi ? Cﬁis_ﬂ 5 N jL ? éfs“‘" & p_——
l @
2 HF(. &%) 5‘ — 8 HF(. g% )

. CDMPOSE'EOH is glw-@ : 5_;-@'};.;- Towrt® ‘f :

= A

Lomcﬁptcs (Q )mm] (_.,_.., H.3. ),“rw] between
qmi{a( sufoces S, S, and perturbation deta (H,,L) (d,3)
with "fixed ends" (widths (5;.) and Floor deta (H),(3e) Fixen)

provide chain hmotopy equivalonces Bg , 5 ~ B, =



UPsHOT : W can define maps & : @ HF(Zg-) — @HF(Z,)
by dm;.«.‘nj a guilted surface as one surface (with boundary & ends)
with seams indicated by embedibd non-intvsecting ©-manifolds (=Rers')
ard (abeling the patches | seams| boundory comporents by

f}m;rk(lt'c manitolok / Zyn:y(m COWW / Z@’W”" subornifol,
We have celculgtion rules

® Compﬂﬂélﬂﬂ Ay y&u? éé"TE @ #§

-l

WW:{.ﬁ =2 Qf;C?. ~e
'_'ﬁ

'L

® for S= q'uifi' of strips (with R-symmetry ofter deformation)
8s-Td
"52 (s thvarcant imder

@ deformation of quclt
. L [P Mz
® f‘cp(aarg a .flf'h:p - L)/ a seam M
Mo " M

with trangese & emboslileol camPosc'{ion



LIY% - The Symplecéfc 2"ca.'d'€§0r7
ho[omorgéf'; gzg,;‘ff g‘gmigar.‘: = Summary

@ ?icg_F(ég‘) "’gHF{.&:gzr is defcned b/

* a gui lted surface — given as one surface (with boundary & /- ends)

-~ seamy indlicaled b)r emw m-fmf&xsffg I~ mgnito lés

Pa.i'ches symplectic manitolds
* tﬂbdi? seams by  Lagrargion cprrf.spana,ance:
Boundar7 Dmpontis Lagrargian submanifolds
calculation rules
© compesition is pluiry 23325, = Poas
@l o ol = T g Tt ¢g-s;
5 =/ I ==
@ for S= q’u(ff‘ B‘FI{'S.VJ (wl&h ﬁ"Jymf'r ) 5_5_..-: Id
g - Lg. -u
Qs ic inwariant wmder e | | | s
detformation of qm‘{{- 3 : é]/_';t_ = = 4 _|_.__.’

deformation Q:(ir;ﬂngr),w ’ with Fixed wfsmsfnces chain hombopy
c.qulfﬁlho& -Q_M L. @SJ - §§e = (@35-»)0'[' +Te(@® ag')



@c.an‘finua,ﬁtm map s intertwine between ?m'li' invariants b ,Q-Iu
for Aom&op{c S, S' with difleret end data. (dg,H, D, )gegt;)r["r' )

e'sg(s')

@ Hthg,..sE-.) % ., o HF (£, dgs )

-1 ~ g*
e )

' ®
gj HF (2, .. 3. —5' > g HF(z.....

Proof
() (dix) té) -
o= G‘ o ﬁql" = @ﬂo_ hﬁ éai - = @, .p° 65'_"’7'
........ i el T — e

© Lsomor-phisms HF( QQ)EHF@;’.) betneen eyut‘vw.b»t im(z'wt’

f.a!mn’mn corrafonn’mus (rc{afd b)f Y S‘m‘ala move L. =(.. Lo,lsy ) )

Le=(. Loty ..)
intertwine between qui(é Lhvariants 5; , & T

Wide a s‘!n’p k2 is replaced by o ceam Mz
,;' ot l:n S‘ y M

- i inst‘
Example:  HF(Lo L) ——22—5 HF(Lo Lo, Lo, Do L5, L5)

| l b @simple moves)

HF(Lo L) B HFL, RIORRITA

- e




Eﬂ:c (monahm) SymPfecft'c z-caf?ofyj

(z=t 5};:1.‘:&‘704{;0)
objects: (Mw) closed erfic ranifoll | monotore : [wl=c,

morphisms : /%r(ﬁa; M:) = gen&u(izm' Ldgmn!fﬂn Corre,spondcn ces %“LL?M,
medulo cqaiwukoa Wa‘fd by Jaad moves
(ie. brarsvorm enledbled. geometric comparition) ; monotone
Composition N (M M) = S (M, M) —> Aol pto, ;)
concatamation Lo L Lotlie
@as:ocfah'v;'{-y [ﬂ" _#M'J ! [H'“'B’Hz] - [Ho“_"'”: ""Mz]

(detity - 1,:=[A) € Mo(mm)

L
ZFMOV"p}u'SMS: z/%!‘{n,.—%m” ﬂogh) = HF(L# [_l_-_‘)TJ H‘:f:”’
Lr T
e Lo xv{’)
champwi{:ionf Eﬁg’ %(f_. ,_l_.' )0%”_._.' L )*‘“"'%r({,_. ,__i;")
< (fig) = fog
s: T Y
Sy LIS N U S D 11T
""" ;l:—'ifi.éfa-ffli'_ék—;::::"j.ﬂ'] = —
Mo

@ ossociativity :

(Fogleh = M fo(geh)
Purg EELp WL g g e iy
L3R l*’hug";—,&—q“’ = (
\ 1 T 'M'-u ---k'{x"_f‘u T~ ,

o -
— —



?;'M’ 1[_,_=‘§§ E%r(n,l':;m,n,‘in,) 4

® VgeHF(L,L) gelp=g and 1?3,3

! ':‘ I M!-\ I Hll . : -i- B :fﬂ'p: with
4wy N — T[N Y A i \ I )
I“t.:, ‘_1_":': ,‘- = ?J' _._’r =1 1 P = 9-"‘ -:m:" ~ :—édﬁ ?;-«&-—4 ﬂ “Cétﬂ‘q

“__—_H.T*H’/ ‘__FH.“__-'-)/ ~ 1 —/,\
— - - Sd(y)
composition Curctor: Mo (MuM) = Murli, 1) —> Aiwlfo, /1)

E‘" LII. — Lﬂ #Ln_

5:
&, Ea)

L om | & HP(Ly L)@ HFW, L) = HF(GEL,, LovL)

i
! el i =
\-:qr';c‘-;“hou . ;él. =3 ;_-_I-
S (i g) — fxg

@  (Fof)# (gog') = @ = (faglo(+'ng')
1 § e




COr‘aaa.r;g (Ca.ﬁegbr&'ﬁtaﬁbn)f T here exists a functor
W:Mh — m’ !rObjm‘.r: mé\:y.on'e; J

Mrp&i.rmx: Functors
- campuéﬁm £ iaﬁnﬂ", Fuyackor

© M smplectic —— Mar(pt,M):= D' (M)  Donwlbden -Fukaya catopory

Ohjacfr : ghmﬁtd L&’H?ﬁlw Ff .M
Murpﬁi:-u . HF - classes

Comppsition:

A, HRLL L
W e e 5 o, HF(L L)
£ T

HRQLL) o
=pt J

td’nhé : “1_‘ L_‘____ £
’ Lﬂ_» (| <HFRLL)

= eyt

i

genernlizeol
®@ M=om, Lﬂ:wm — &, Do (1) D' ()
pncka Ly +~» L,#L etrounh,

£ o £ .
HE(L, L) ? HF(L oL, L L)

n R

—

i




PI"UOF'- G iven any Z't:nfeaor)r € and clf!ﬁ:,ufj}ra, o[:jecf P
there is a Funclor of f—cg&yr)rfc.t C — alt 3:‘% L/y
oleecf p — %(PNP) (s a calegory

morp}lfsm F—h-r7 — Mr(p.,,_p) ‘—-*/%rl'ps.q) is a Ennctor

2x(h 1 [ composition functor of £
I (l'l }J\%(FNP)“&{PI?)

WC Pic}ei P,= P't as Jrhffn!m':}rf objecf tn ,gg»ﬁ#.



LI5S = Floer Field Theory

We JcFineJ e functor W#ﬂl . —— m’ 5)/
© For each obyd’ f M ?Mf&'ﬁfft,hﬂﬂﬂfm ; defige the

exttnded Donaldson-Fukaye. category Don' (M)

* Objects - gonsralived Logrmagians pi —9.%-—91'1

L. I
* Morphisms : HF classes M (L,L') = HF(L,LT) pt Limes pt
.{:‘T
'th’miﬁbq : . ido..liL)e :
HE(L L") = L' L
| L) # | sHF(LL) Cw_ = 1, < HRLL)
HEL,L) = L

@ For each g&nm[f;eﬂ fa‘ymn;ian correspondence. M, Ll:-aﬁz
define a functor &, : Do ()= Do ()

.t::]. Sty (_—-i#i"-

*on objects
Pt -3 H] ﬁ_?ﬂl-'—d’mz

*on morphisms  HF(Ly, Ly) —> HF(&.(L),&,(L)) =HF(L,,L,L.L])

Ls 9&”’0‘! Ly "'k =i 1
L M5 M+

?.,il:f: inveriant
L, S




Remark: To define the Functor w#-—-?m it suffices to fix

@ M rymfkcﬁc mono fone. — .Dm-.,#{ﬂ) category

@ LocHM, Lagrogion coreqonbue— &, D' ()= Dot ()
ﬂmph Functor

and. check

@ Any morphism of Sprpine Can be decomposed into simple morphisms
[L)=[Lodelly)e . o [lun) i Lo © No¥N; *simple”.
® Any other decomposition [L)=[L]e..oLL),.,,)
is obtained by a sequence of good moves.
'_Func.'éoria.lify then determines for oll [L]

@fk]z é[l..]e...oflm ] = é"—o: °..o® Liapk
WLEC"I is l:nakpt'na@nf of the a’ecom;asiéiam Since

e

Thm: 900\!1 move. in (L(j'ﬂi)jﬂ..k = Compﬂffffﬂn en (¢L[ ,,j]j.;..g
L°IOLI2 émﬂmlemwél @ é ﬂlo éﬂ- 5&;‘“&-@




This reproduces the previous definition (D
5&-_ = ‘B{_oﬁ 5&20 ofen 9 é;'ﬂf-ljk

o g wp =
“‘ Q%ﬁg[%ﬁz%ﬁ

3Maﬁkm

Homework :  Prove ﬁncfariz(:'f)f of @LHIQ:»*{M.) =" (M,)

B, (Fog) = &, lF) o uulg)  YVFeHFWL,L)
g€ HF (L), L))
6}[ Facf‘urcs .

é{,.,_ .

§- | .
L:LJ. H| ‘ ‘ e -Feg ‘
F"’__J/L, ‘




Proposition : € category with o subcollection of “simple morphions”

TE) J&ﬁ'ne a -Funofor € - W# it suffices to €ix

@ X o.[y'eof > MK rympfec‘k (c

}r,erz S‘EmPI& morpl'irm — LyCM;I"sz Lajrawym corresp,,

and check

@ Any marpl'lirm Y of € can be decompomd into simple morp)}r'.rbr.r
?=" Yal e...° Y{H}u ) y“_uj s‘r:m,ab

® Any other cécammf{'iah ?= Yoro...0 (Ll ,‘{;_,,” simple
is abtainec b)/ a Sequence of moves

° X o )é = )g, ‘Hm’l‘ Cof?t’spom{ e L);“Lypr- Lyj,
to transverre

J . Yy = Xl,o YIB MW ¥ Ly‘y‘-: LXL‘L:’;;

geome‘ﬁ‘e'c

¢ X; e qu, = Yo yJ‘ COmporiﬁm . L)ﬁoLYﬁzi‘fgaLyJ‘

Coro aarx: Ifall Mx andly in @@ are monotone
thon we obtain a Functor € _"W:uhnc
and hece a cafe‘yorificaﬁm Functor e —

-Fac{o:-.{ry fém-gé %:ﬂ,‘m.



Exomple: Floer field theory in 2+] dinsnion (elwest 2¢1 TOET)
from modsl speces of "c.em':ml Curvature E€ived chterminant’ bundles

0L = by olu'ecé.r i 5 Riemann surface (clsdoriomtel 2-mfels)
lconnected !

Mrpkirm;= Y 3olim (:0501'1{:':‘»: QY = Z; UZ,

0) [Marasimhan-Seshadvi] — smooth, monobone Symplectic manifolds :

M= {A Vlr)-conn ection mi} = {gﬂﬂfz“P*)-’SU(r)}
{FA)Su[r} =0 1 “fﬁu:; /3-21136 3() =-1 /SU(I‘)

|
fix relV, wir) = swr) @ wa)

& U buwdle 0n 2, degree ol coprdme bor ) i Oy t!, e S'U(rf’
;{T“;Pi o5 =1 /Mrj

@ L, {Bloy A1) | B 0-covecion on 2, (R0, il 7 1/
} =) {(gmg,)e MI "MZ‘ l 3 extension g ™, ( Y\hw)“"SU{rJ}
Ii \ (s in { _not smoot)

Lye Ms,*Ms  smooth,monotone Lagrangian corresportnce for
® simple morphisms Y = cylinder Z=[0,i] or hondle albachment

(ie. AF:Y— R Morse , Oor | crit.pt. | maximel mz,mb;‘mfanzp)



cut between levels of crifical points

@ decompasition of general morphlsm  AY=2Z, 1 T4
|

M

(y ’
3 IL&

Ufe @ H!z
=1V |7 LyE TLV.z
Un M’l
Y, T’—v,,,
h;-o

® moves between ah:m?wiﬁonr : Cerf moves for Morse functions

~ cancellation of critical points ~»

Ya-ga: v y"""’ = fo,l]ﬂz?

& =iy

= chan;e. of order

- handle slide

~ cancelation of trivial
(no crif. pi.) cobardicm

LY ={{;§)£- (f;f)w 4 }
il IV Bt S

L%;{(Ef)m,ﬂ (850, }

ot moct s Bi=fi » ol
LY"'W‘L%a*: T ‘QH,_-:' Ll-'ﬂ.l’.'l-;

\’ . .
o X%mz Y= YI,U,:Y; s LZ"LYP:LY=LY;°LYJ

XU [0,1]’2 E \/; M, Ln“Aﬂt"-"- Ly&




g;oroﬂagx * Fix Riem.surfaes 2o, 2, Ex: Z»=3,=T*
and (gen) Lagrang ians L.cMs, , Lp ‘:sz pt =M =pt
then we have a I{opo(ogimf tnvariant

Y 3-manmifold
Y cobordism from 2. {o 2{3
I Y [T =‘V cobordism
.Ly ?n.f,a,r: corresp. M&‘*MSB H:£= (Lo)
I =¥
HF (L«.’-_L:}'#Lfs) Quifﬁd Floer Loma&;y
f{--nﬁz;-aj‘kﬂ-«np&

COH,' . HF (Q Y"’ﬂrﬂﬂ") (s cftmf)f related to

[kﬂﬁm—ﬁmwkﬁ.] invariants of Y from S‘E?ufar instantons
Collin - Stes-



L 16 —Compacthess — local estimates

Fix S Qui (ted surface ~> (Sk,jk) Surfaces (with strip-like onds)

SS%e %5"'0'
f5: e = I. Seams

M symplectic targets
Lss-:{u(LS)HS Lograngian corvespandomces for seams T I
T W)yg  Lagrampion submemitolds for boundovies I,€S,
K Homiltfonian perfurbation ~» Y €52'(S,, M (TM)
J  almost complex structure

~ T € E7(Se, J M)
Consider holororphic quilks (=) S—> M), ., of fixed enevgy

(2-’- 1"'---"—'Iiw € /%ﬂ(‘s'i"'l (‘-?-':-E-..)gcsﬁf &5)55 3") = _indes 'EJC’”{ &‘n (?-cﬁ]f%) ﬁ\eﬂf)
£00)= 50 dw- Yo [p= E = El41) )
o VoW Ve | Tl (o - Y05) = (o~ Y03 )e

'{ W, {I;) < Lb V&"'B ) (uh:- {ukv‘ﬂfc})(rg) ‘:LE
| TS iyt =F




equations in local coordinates on §__|

infoior of Se  ©  Be={ls)el | efed?} =0,

Aup +Qli) gy = Kbk (3) + b)) (3,)
=: Rluy)

hear boundary Ib‘: Sg.k. 3 ‘&;nﬁH = {Sz-f'étf & . é?O}
{qu.: #0ll) Qi = RAZ) Vst

lb: (310) e Lb VS

£%0
: p s :L6,6] =R
near seam I € 5{&:&: . ng‘ Seziy "‘Cs %{onod,
ick (s,t) - cosrdinabes , s #6220 duto
(géa L Sk, E¥0 & 5&*) * B s

Slst)
wis)=(ug(s,-1), G, GErE)  Beabl —> MyxM,

satisfies {w’i’s; o) elg Vs
AW+ Jw) W = Plw?) Vs, tr0
1 il

f
( &ud ) ( ~ducn )
%!-a;w:l (’c',a‘y,':‘

’j[slﬁ;w.} = q&(’;f.") ® jk‘l?{iﬂ;?;u]'t} Vl) EH(-’;HR“WH)
Hl'ﬂtt
p’{SnﬁW) = Pk(sl"'élv) + ¢&~Rﬁ(%!$},{ﬂém-é,v‘) € T;{H&"Mk:)
Ruk: this uniformaes and e .4 g w bl e
'FOHI ‘ch geam M j‘-. : L



eregy: Ext St s Dawl= Gy <o
> Ndiily, < 26+ Cyms®
ia. W-bound on

higha- bounds ( W e ") from Laplace equation

Osu + Ju) e = Plu)
= (o v )u = £a,—33t)(3,+39f)i - Va_ujfcd-c)*u + W) 9y, Il Ap1a
vas“Pt;; ), Pl
Calderon-Zygmurd : VPVl p <C,, NAvily  Vrew*(R)

[(l:moo

= "U'"wz,p < CP "du“ﬂ’ + CJ"HulzﬂLp + g Huﬂwa,p
I ]

S —

’ :
vzhiw: RR=>Mes R %ﬁma
=

“unwzlf’{sﬁrg £ l[vz(hﬁ "Lp + ”L'Lﬂwl,p 5.. CP,’#. "hﬂu”l_p + Cf;, uuﬁwt,p

To 3:1": W*E bourds en Wy we heed

. W"zP"boanJr on bl:: ; lpeoo " ldwl? EL? |l a'u."zzp
or
e | du::ﬂ,_a sma-“;kpr.?. [l dwl? HLp € ﬂdu"t_z'"du"ﬁ‘f_-f £HduﬂL=Cﬂullw.,

sSmell

(HSIJW f'EC—aL? ond. SGLD[JY eml;di;g W'Pesl Y with é‘i‘}%) ~dabsorb ;nts (S



bootstrappin g

small energy ”Ju{ﬂl_z LA V'y on By © Sk
—~ W bounds (pt?) on (ui).,em
L ,___?;._qu
2L
~5 W "*P-bounds
— Wtﬁ" boundfs
E@kﬂ"bounﬂs,qaz —~ WL Lound's | From Calderon-Zygimndd (v=d)

Vk'q- bounds Vk

-~ Wb"’-conmé subsequonce Wk

d tagonal

o0
P v - convergent subsequence

(ﬁ!" convephce on all com ct SnLl'efs /4 )
pa

So campacfness holds on interior balls of small energy .
However, we still need fo wderstond

- Compacfhess near the bourdary
— depadence of enagy gquantum € on bal rodius &



L1# = Compacthess - Boundqr)/ and mean value inequalities

w:S—> ho(omorp}n'c qui&s with Fixed Cneryy Elw)=E

=

[ast time: Bso Sy intevior ball

small “eragy’  [ldu "E(w ¢g, Vr = JE€Toniepent subsequmce

highe bounds with bounda hion
Assume € comergonce (25. from W'Ebound: and Wﬁi‘;. t;-a fr p>2)

u

sowecanuse [pcal coordinates on M. 2 €" rep. MM > €
ke P *f, b 7
L, = R" Ls - R"

with J|, = ¢
Osu + J(u)dpwe = Plw) , (s t=0) € R" Vs
W=Vsinw ; Vw: BsoH = R
= AV + iAW = lowerordh (4w)
W/py =0 ~ Dirichlot problam for w

3tvl£=o = = chh.,n "'?:-j(vij ~ Mkmm Prvuom for v
=0 o

~—% Same Loo{;sfrappf? as n intetor ; ffbfﬁn; fFrom W"PizboM



mean value inequalities ]

local energy f [du - Ytqu f )?u)t&ll = few
ISP

or B;nH

energy densi e=ewy: By — (D)
i 7 (s8) —> Ia,lu-%‘)cll

o ne =2[v(du-Ywdd| + 2 < Su-Y)ds , Aloyu-Yu)d) 7,
Ll L)

estimmte lLinear

Z - ae - Ag i a, A‘, 20 constrals term zeﬁ:‘)

i [MS,LG-!M. 'r.3,l] Using Q,ufj&u. = lowe- orde, ]
@ = < 35“;%((‘7@])3:“ - (V&“:’)&u) - 'R{&u,&-u}a‘-u. > +/Lo
3 - C6IFN 1dul® - cod) dullvde] + go

N L 4
.2 4 {s‘fvdulta-és‘ldul
2ree -Ae-A, et io

Zab £ ata- LQ

—

|| wing 13l 3] € +lYla .

. akcltao= Qé w(&u-Y(u)Q;,J{-deu-}N%) )

= w(v0su ) dw) + w(Qu, Iu) Vedsie) + lown order
t-‘?sa*u- = =9 )5k 23 v&p"’ fa,u Jaw)

2w(3,u,v a;u.) - 4‘%.3)3,&,%-"-" *(V*“tox&u,a,u) 4.

L

=0 c-F L hnan.r fe; in coordinates , but bon 9]0 ar w#ﬂ)

£ cldul’ + fowor orde < be”? +B



Thm: 3G |, Ya,br0 Futab)>0 : VyeH  r>0
¢
If ec€(Buy)nH , [009) sufiskies "
Ae 3 —ae - Ae -A,
s M I < S/"{alb) J
“fiela? ~be"-Be R Bitel

then ety) < C'( Ay +Bor + (A+38+ F)J e )
BfaH

TRz

Coroaaviy_‘— W"~ bounds on balls of small energy

v Sldialcn W > sp il € C

Bs) Sk # - Bﬂt{ﬂ
feti®) Sk | N
Bstylel LA 2€ Baply)

V-
. Slldu.‘:’%fumlﬂSldu;:-.-muml%,u > gplisl ;
Bly)cS o T <
~ & (Bty) S Lo
Mﬁlm ¢ Sk "f:;_r'l=' ::;
7Sy )%&.t—)‘;t%tn,%&n-e)
I; ,'J'_,f.:\; J
Sy ” JEsl8sr)

Proof: Apply mean value inequalities to ens) = ldug -l
resp. elnd) 50 = ldud %l 6oty + |dugi—Yehoa [“(Bstsan)
on balls of rudius % contored of z€ Baply) .



LI8 = Compacthess - up to energy concentration

m‘l
LAST TIME: w:Bs—M

e€he densi e=ewy: Bsg — [0 o)
(4 v.‘y (s —> ia,'u-—mal’

Lewma (i): S+ ) dete = Yulds) +Itue) Yd(2e)
= Ae2-ae -A, i a, A0 constents
NEXT: w:BsaH—>M
Lewma i) still holds
Lemma(i): W, €L Lagrangion and. Qyu+Jk)dgue = YXk)+ Tt Yuli2)
= -0celyey 7 ~be? - B : b B >0 constants
Proof: A\ Note thot Yuld)[,,=0 stnce #Ki]3s,=0
Aeliep= % w (8 w-Ya; , Tea(3u-a) )

f-dﬂdy = W(V{;a;- W, He) 9:“-) + Q}(asu-, ) Veaﬂ;ﬂ-) + lowa order
oone chion = Vsd, bt = =T )3t 25 G (du,Idw)

= Zw(?_w,v,@_w.) - <(@J)%u,ou> +{V%“w)fau,3,u) .o
. Tt TL hat A~
=0 if L lirear (pick'v ci. L gvdric, but don 970 or vea20)

< Cldul + huworde < be?+3B .



Coroﬁarjy_'- W"” bounds on balls of smal entrgy

3 uzplah) =plSALIY) 2O stteh
(W: S M),y holomorphic quilts
v yeSy , Bsly)e Sy inbaects no seams (but posibly o bourdary comparart)
iyl su Vo = sup ldiil € C W

BS(Y) CS’._ it 7 Bﬂg‘?}
BelylaH ) L zelay)

: Yeskr BJLY)CS}_ fen'h".'lt.’b& One séam Is-CBSk

L £%
aa{a]i““““""' « Sldg-Yl < Vy=> S::Kl“unl e
~ BBty s (i
f 1.4
m{nﬁ wg) S,
Ic\_/\_L—-—-) (5, 8) = (P, Fel)E)
Sh' i :f - );";s_-.

Proof : App‘, meqn yalie inqaa&'ﬁes to ewy)=| du:-"?f‘[u'illz
resp. 0w 50 = |dur =0 [Gt) + |dug—Ylaa | (Eots)
on balls of rodius % contored of ze€ Baly) .



(L/.L.T"_S.. ~M )'rem holomorphic quilts of enorgy E
Pi:k a jk-comptible metric on each Sy and conside-
eluy) as function on S | elwy) as fumdion on Sic
Claim: There exists o finike "bubbling st (2.)0y.y V<
and o cubsequonce (W*),n, such thet

o for gesk\y]_'s\&,_;"; ga;;o:aémeub?) oy Vi

%k
s for ze Lo 0223 34,70 : jetW;‘) e Vi

Proof : Litha-the dlaim hold with V=0 and the origiral sepuence or
toe is 2,65, ULs resp. 2els and a subsequence ()., sé.

Bﬁ; o) rop 0 7p Vi (and horce E>p)
Tteration :
Z:H’wrﬂz aim holde with {z, ,2,3 and this Suhéyuanag or

ol

é‘&e is cmoéher 2N and ﬂ-‘Fufﬁl')ﬁ' S'Mmm s.t.
B'{f e(w;) rap. W) > Vi Vj=(.Nef

i)
(ana! hence E >{N+r)/u since BzilZy_ i) digoint formi)

Iisation stops sice E<co. g



Corollary: There exists @ subsequence  that converges in
tm(gsk ~ igza) (Le,. in ?3£(K) for all LeIN ,Kcamfcré)
Proof : For jelN we can cover

rp} (s'or[0,81)

US,,_ N UB J@) s U E'k,e(flslrﬁ)
kieent
by -ﬂni{'e(y many balls Bd-vi'ﬁ;) (mp 8@&&:) “é_sm@g‘f’) ‘Forzt-cg)
wi’l?l‘l Sma.“ M&,y(é/o) on B&.
= Wboynds on By,
= Whp-!munl: Vk.? on Bd'.h}q
= ‘e':convoryenf suf::qumcc on {-‘}‘Bﬂ-{? (Fixed ,j)

Fim”y J take a dt'a!onaﬁ S‘abi‘egumae. over jelN &

Note : The above M_reyum concentrates energy at every 2,
in the bubbling set: Yd>0 INg - VraNe

{ el ) rp. elWl) >
BJ("E‘}

Hence the Limit G € ﬁm(Ll Sk S tjz-) has energy

E(L) = szfdu.k Wil & E - N
cbimar L by poins



Thm (Removable Singulavities) @€ (S, ~ Uz;)
‘S‘in‘gnfar* ho[omorf}u'c .?ui.'[f et Finite enorgy E(_@) <o

= E,ﬁ,; U (2:) oop. We(Z:) exists VislN aod defines e
*2 g

smooth extonsion 4o a Aolomp&fc ?u.'lé w: S~>M e E(Us)

L) ¥ - .
gor-: ‘cc:mpacfhess‘ ‘For manof'one, mt‘m'ma{ r.ncfex maa’uft Jpaces

Assume AL"‘:.—.-. /ﬂk( E,K,Q,(;g)g‘g-.(%)gsg) satirfies

. mono‘fonici‘éy : S'I“g = cnst = By K Eep® , E@<cE = £<k
* miniml irdlex : /kﬂ =@ Week,.

T hen /;ﬂkﬁ" is Comfa.c'f wr.b. Wn;(USg)'—horm (nny m,p)

"wp to breaking of trajectories on the cyl. [strip-like ends. "



(19 - Comfacr_‘ncs's - bu.bbb’ng.

Com'.ga_gfness‘ for monotone , minimal (rdex M[s‘ Spaces

* Cp ~Convergence on complemast of babb&'-, points

demaln

* energy loss af Labé’:&'y points ,_ii_} m-m
* removal of bubié}? ;,;,?u,[ariﬁes @ w” t_
— |
skipping : a ’
¢ (ndex (dentities O — ;

' exgmn{'fal dcaag on qm’éﬁed end's
v s Lohly € M oot Layogian . T somcompacn

I3C,&h>0 VT2 w:CTT<[0]— M

{ Qutddu=0 § 15 <%
Erri<od)
u”#oeiﬂ ! ultﬂeLs T

= VSs T Emod]d(ua&}' /.od»l..) ! "vu"l'.“([-'i}ﬂ'zo.l])

| ol (i,
£ Ce gtr s)( § 15l ) .
[’T:'TH]
| ( i ) 24 o fUs)
Proof :  fls) = glasucs,f}}tdé I\\"-‘/is
setisfies €'23°F




Cor. : /ﬂo can-.pac{' th W"'P( L Sg)- i’apo{ogy

/ﬂ‘ compqof' up to “one Floer ém;ecfnq, Lméﬁy off at memd“

——

eometric description of babbl.’ir?
@ interior W B={B — M |, &+3duT=0

(5:6)=0 , [dUe) =R —> 00, sun g 3wl <eo
Hofer trick :  can assume ﬂd“?ut.’mﬁ.-(rm) < 2% ; £ R = 00
£->0

Little Lemma, [ Hofor~Zehnda- Ch& Lemma 5]
X cwnpleﬁ-. metric Space f:x *'“"fo,oh) continuous
VxeX, 550 dxe B, (%) , £€l0,8] : m‘}ﬁy) £ 2fx)

S‘F{x) 2 Ea'F(xo)
Appfy this o  £=|du’| ,m#&,ﬁ),a:ﬂ;&‘ 1o €ind [(s}f.)-—va

& >0

x=(sL48) | 046, <Re® | Ry Fl=ldIct ) | with &R 3 RAR, =

\L_,,L

RCJ‘Q‘.((@ v Bz-r&'r — M fﬁ,t’)i-” u?(s"'-rg:w 1':1"#;)
setisfies BV W)3v” =0 ,grm.ffas\"! :gpj’la, @1* < oo
lsvles2 | Jow"io)]=1



© e St'-P*
€ 00
Cmﬁmxs‘- 3 SuL.regum \./4’I '“"**‘i) vV € Cm( R’ ,#M)

v rIMAL"=0 |, Sla"f<coo , laveol=1

Removal, _gFSfryufwi’é'x = "ﬂn bubb[e' es @ J-hol. sphere
Q Vis?)
z =9
= ldvi®*= §vho 2k >0 i
s s 7 (ﬂ,\gt,(,»_-,,‘,)
k>0 positive gerarador of <[], To(M)> < R

o h>0 by Gromov compact hess

V: Sz-"’ M ,531/ =0 ; rnonconstant

@Loundar)/ w’: Baltr0} —™M L&-’lé-oe’.[-—

b‘
/ .
— lmbble (S @ ]"hat. Sp)ﬂr&» V: S‘?-aM //////

° “57’“““{ {‘-R?_’T“-'OU - l(nu{ Vn : fR"-’-"?}m) —-M, Vﬂ/t:-‘rﬁi

~> bubble is a J-hol-die v: DM, {'a“Jyzo

3 {lels3ce vippel

= Sldvi* =5V’ 25> 0O
m

([ﬁJ], Ta(ML)?




L20 - Lubb[t'ng at seams

@Jﬁhnﬂ-mﬂfﬂﬂ_&&_

—M,
“":ﬂf}—--.._m,, [ Oty (s7- 100+ 13,5 (7 10 = (&) o0

ol
(-]

(s%E*)=»0
ﬁg __.{___ H° M Iawfs"‘lt"l)! R” =00

MJ;MM v‘:R-—wo (aq.,g j‘a‘uf..,m) Ho/?
— bubble is a Thol. sphae v - SaM, Ki_’_ﬁ,

» ﬁaﬁm will ER —-co (and ra;u:.'-‘bm)
- Lub“e. isa 'J;ho[. s-plmo vV : SQ--)MQ

J s«,&f«maz widd t78" T

Vo, 1) wlap € Lo
or,cquivelantly,  quilted sphere




[bu“:bng tn S/)rihf(t_)y strip
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